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Abstract 
Summary: The utility of single-cell RNA sequencing (scRNA-seq) is premised on the notion that transcriptional state can 
faithfully reflect cell phenotype. However, scRNA-seq measurements are noisy and sparse, with individual transcript 
counts showing limited correlation with cell phenotype markers such as protein expression. To better characterize cell 
states from scRNA-seq data, researchers analyze gene programs—sets of covarying genes—rather than individual tran
scripts. We hypothesized that more accurate estimation of gene covariation, especially at a local (i.e. cell-state) rather 
than global (i.e. experimental) scale, could better capture cell phenotypes. However, the field lacks appropriate mathe
matical frameworks for analyzing gene covariation: coexpression is quantified as a symmetric positive-definite matrix, 
where even basic operations like arithmetic differences lack biological interpretability. Here, we introduce Sceodesic, 
which exploits the Riemannian manifold structure of gene coexpression matrices to quantify cell state-specific coexpres
sion patterns using the log-Euclidean metric from differential geometry. Unlike principal components analysis and 
non-negative matrix factorization, which infer only global covariation, Sceodesic efficiently discovers local covariation 
patterns and organizes them into interpretable, linear gene programs. Sceodesic outperforms existing approaches in 
predicting protein expression levels, distinguishing transcriptional responses to gene perturbations, and identifying 
biologically meaningful programs in fetal development. By respecting the mathematical structure of gene coexpression, 
Sceodesic bridges the gap between biological variability and statistical analysis of scRNA-seq data, enabling more accu
rate characterization of cell phenotypes.

Availability and implementation: https://singhlab.net/Sceodesic.

1 Introduction
Single-cell RNA sequencing (scRNA-seq) has revolutionized our 
understanding of cellular heterogeneity. Fundamental to its ap
plicability is the expectation that a cell’s transcriptome serves 
as an accurate proxy for its phenotype. As a close corollary, bio
logical variation, whether temporal, perturbational, cross- 
modal, or otherwise, is expected to be reflected in meaningful 
transcriptional signatures. While individual marker genes some
times indicate cell types or high-level phenotypes, cell types and 
states are more often characterized by coordinated expression 
of multiple genes, termed gene ‘programs’. Given scRNA-seq 
data’s inherent noise, robust identification of these programs is 
a critical challenge in generating informative transcriptional sig
natures (Fig. 1A).

As linear, unsupervised approaches for representing combina
tions of genes, principal components analysis (PCA) and non- 

negative matrix factorization (NMF) have long been popular in 
scRNA-seq analysis. Their linearity ensures clear interpretability 
of each gene’s role, facilitating follow-up experiments like 
knockouts. Such approaches also uncover innate transcriptomic 
structure independent of specific biological covariates, thus re
ducing the risk of over-fitting or discovering spurious relation
ships. Moreover, these unsupervised methods work well with 
limited or noisy data, which has been an important concern, 
particularly in earlier scRNA-seq studies.

However, with technological advances, single-cell datasets 
have grown dramatically and now regularly profile millions, 
rather than hundreds or thousands, of cells. Simultaneously, in
dependent measurements from different data modalities are in
creasingly available. These developments present both the 
opportunity and necessity to revisit the estimation of gene 
programs. The ‘opportunity’ lies in using multimodal data to 
objectively assess the biological informativeness of estimated 
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programs. For instance, Ji et al. (2023) have benchmarked differ
ent metrics on scRNA-seq data using independently measured 
biological covariates. While these benchmarks enable evaluating 
the correlation between a distance metric applied to single cell 
data and biological covariates, correctly tracking transcriptomic 
differences between two cell states is often insufficient for a 
metric to deliver useful biological insights. Rather, it is typically 
also necessary to identify the ‘sets’ of genes playing a dominant 
role in explaining such differences, which is precisely what pro
gram estimation methods do. The opportunity is to generate 

novel, informative transcriptional covariates that eventually 
guide experiments. The ‘necessity’ to revisit gene program esti
mation arises because PCA and NMF become less suitable for 
larger, more heterogeneous datasets spanning over hundreds of 
cell types and dozens of conditions. Since these methods esti
mate covariance structures across the ‘entire’ scRNA-seq data
set, they risk conflating broad technical artifacts with true 
biological variation, resulting in misleading or biologically irrele
vant interpretations. For instance, consider the Simpson’s 
paradox-like scenario in Fig. 1B. Although cell states c1 and c2 in 

Figure 1 Leveraging Riemannian geometry for discovering scRNA-seq gene programs. (A) Transcriptional drivers of cell differentiation and fate 
commitment may be more visible at the scale of gene programs (sets of co-varying genes) rather than individual genes since the former aggregate 
information over many genes. (B) Global techniques like PCA are unable to access state-specific variations. With large scRNA-seq datasets now 
available, subsets of the data (cell cohorts) can be analyzed to uncover cell state-specific gene programs. (C) Gene covariance obeys Riemannian, not 
Euclidean, geometry making it a challenge to compare and score gene programs with naive Euclidean distances. (D) Sceodesic addresses this by 
approximating the Riemannian manifold distance with the Log-Euclidean metric, defined on the tangent bundle of the manifold. Using sparse 
eigenanalysis, we aggregate locally defined programs and construct programs whose definitions are consistent across cell states and state-specific 
weights are amenable to Euclidean distances.
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the figure have the same local, state-specific principal components 
(blue and orange arrows), the standard or global principal compo
nents analysis (black arrows) completely misses those same cell 
state-specific directions of variation and thus resolves the data into 
gene programs that are not relevant for either cell state.

Fortunately, estimating ‘local’ gene–gene coexpression struc
tures can address the pitfalls of existing methods in dealing with 
complex modern scRNA-seq datasets. However, a mathemati
cally rigorous, biologically faithful, and computationally efficient 
abstraction for local gene coexpression has been elusive. While 
arithmetic differences in expression levels are meaningful for in
dividual genes, this approach fails for covariance matrices, 
which have a special mathematical structure. The values in 
these matrices are constrained by each other: if the gene pairs 
(A, B) and (B, C) each demonstrate high positive correlations, 
then the correlation between (A, C) cannot be very negative. 
Mathematically, these constraints imply that a covariance ma
trix must be positive semi-definite (PSD) and thus does not ad
here to Euclidean geometry. To quantify coordinated changes in 
gene expression, we need to compare covariance matrices 
across these changes. But naively subtracting one covariance 
matrix from another ignores the curvature in the manifold of 
PSD matrices, risking inconsistent representations of transcrip
tional states (Fig. 1C). This is analogous to the observation that 
the shortest path between two cities on the Earth’s surface (e.g. 
the flight path between New York and Paris) does ‘not’ corre
spond to a straight line between the two cities on the flattened 
Mercator map.

Our central observation is that the availability of large scRNA- 
seq datasets now enables the tools of differential geometry to 
be used for principled, quantitative analyses of locally defined 
covariance patterns. To that end, our core conceptual advance 
is to introduce the logarithmic map on the Riemannian manifold 
of positive semi-definite matrices, developing a mathematically 
consistent and biologically relevant metric for gene coexpres
sion (Fig. 1D). This log-Euclidean metric is the first to respect the 
curvature of the covariance matrix space while preserving gene- 
covariance semantics. In single-cell analysis, this advance pro
vides the first mathematically rigorous, linear, interpretable, 
and computationally practical means of comparing complex dif
ferences between cellular states based only on each cell state’s 
covariance matrix.

Building on this mathematical foundation, we present 
Sceodesic, an algorithm that combines differential geometry 
and spectral analysis to extract interpretable and cell state- 
specific gene expression programs from scRNA-seq data 
(Fig. 1D). Sceodesic takes a bottom-up approach: First, 
Sceodesic groups cells with similar transcriptional profiles into 
cohorts roughly corresponding to cell state, then estimates local 
covariance patterns and a set of gene programs for each of 
these cohorts. Second, from these local dictionaries, it learns a 
single, study-wide gene program dictionary and then recon
structs local covariance using the study-wide dictionary with the 
log-Euclidean metric as the objective function. The result is a 
single set of informative gene programs and a recapitulation 
of gene expression data as program expression that is both 
low-dimensional and captures information difficult to discern 
via individual genes, top-down estimation methods, or super
vised approaches.

We validate Sceodesic against ground-truth biological data, 
comparing its ability to recapitulate protein expression (CITE- 
seq), perturbation state (Perturb-seq), and developmental tra
jectory better than PCA or NMF. Sceodesic excels in generating 
biologically meaningful and accurate gene program signatures 
for various sources of biological variation (Figs 2–5). It appends 
to each cell’s representation a feature vector encapsulating cell- 
state-specific gene programs, relying solely on covariance rather 
than mean expression levels. By introducing deep mathematical 
principles into a practical framework, Sceodesic is poised to 
drive fundamental and translational insights in single-cell tran
scriptomics and beyond.

2 Materials and methods
2.1 The Sceodesic algorithm
The goal of the Sceodesic algorithm is to estimate biologically 
meaningful gene programs and recapitulate gene expression 
data as levels of gene program expression. The input to 
Sceodesic is a cell-by-gene count matrix X 2 RN×G. Sceodesic 
outputs a set of h programs bU 2 Rh×h (i.e. each program is a h- 
dimensional vector) and a matrix of cell-by-program expression, 
Ssceo 2 RN×h. The U is best thought of as a dictionary of covary
ing gene sets relevant across multiple cell states, while the Si 

are gene program loadings for a particular cohort. They reflect 
the activity level of a given program in the cohort. Here, h is a 
user-specified parameter designating the number of variable 
genes to be considered. The computation consists of four 
main steps:

1) Estimate cell cohort membership. We delineate groups of 
cells by either hard clustering (K-Means or Leiden clustering) 
or soft-clustering (Gaussian mixture models) clustering on 
log- and count-normalized gene expression. Cells with similar 
transcriptional profiles will be grouped together in the same 
cell cohort. 

2) For each cell cohort, compute a covariance matrix. We 
newly introduce ‘condition-volume normalization’, which 
overcomes the common problem of a singular sample covari
ance matrix by regularizing it into a well-conditioned, well- 
scaled positive-definite matrix closest to it. The eigenvectors 
of this matrix constitute cell cohort-specific gene programs. 

3) Using population value decomposition, we share gene pro
gram definitions across cell cohort to learn a shared eigen
basis that is applicable globally. We use sparse estimation to 
learn a set of h interpretable features that best recapitulate 
local, cell cohort-specific features across the entire dataset. 
These features are Sceodesic’s estimated gene programs bU. 

4) We reconstruct local cell cohort-specific coexpression ma
trices in terms of the shared program definitions while re
specting the manifold of PSD matrices. Crucially, the 
reconstruction error minimized is the log-Euclidean distance 
between the condition-volume normalized covariance matrix 
of each cell cohort and the estimated reconstruction. This 
ensures that biological information is preserved in the recon
struction step. 
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2.2 Cell cohort construction
Sceodesic constructs cell cohorts by partitioning a scRNA-seq 
dataset into n cell cohorts denoted ci; i¼ 1; . . .n under the prem
ise that cells alike in their transcriptional state will be grouped 
under the same cell cohort. In principle any single-cell clustering 
method can be used, but we chose GMMs because we found it 
to deliver reasonably balanced cohorts compared to other 
methods and because it induces meaningful variability in the 
representations of different cells. Balanced cohorts are impor
tant because they increase the probability of obtaining well- 
estimated local coexpression matrices, which are the base esti
mator of Sceodesic. Well-balanced cell cohorts avoid extremely 
small clusters which would need to be heavily regularized to re
side on the positive-definite manifold, distorting the spectrum 
of the raw covariance matrix.

2.3 Sceodesic computes condition- 
number normalized covariance matrices
Next, Sceodesic generates positive-definite covariance matrices 
for each cell cohort. First, the data matrix X is restricted to col
umns representing only h variable genes (determined by a gene 
having high dispersion across a large proportion of clusters), 

denoted Xhvg 2 RN×h. This ensures the number of samples 
needed per cell cohort to avoid a degenerate covariance matrix 
is not prohibitive. For each cell cohort ci, the sample gene ex
pression covariance matrix Σi 2 Rh×h is computed. However, for 
some cohorts, this matrix may have zero eigenvalues or be ill- 
conditioned, rendering matrix logarithms unstable. We address 
this by regularizing Σi, first computing its spectral decomposi
tion Σi ¼ UiDiUT

i , then, given a condition number M as the target, 
rounding up the smallest eigenvalues to enforce the target. Let 
the largest eigenvalue of Di be σmax . We define the diagonal ma
trix ~Di as: 

½~Di�jj ¼ max ½Di�jj;
σmax

M

� �

for j 2 f1; . . .; hg

This operation is well-justified mathematically. Tanaka and 
Nakata showed that Ui ~DiUT

i is the semi-definite matrix with con
dition number at least M that is closest (in a Frobenius-norm 
sense) to Σi (Tanaka and Nakata 2014). Lastly, we re-scale this 
matrix by scaling diagonal elements of ~Di by the smallest eigen
value ~σmin, so that 1≤~σ j≤M j¼ 1 . . . h. This offers two advan
tages: (i) when mapping to the tangent space by taking 
logarithms, the smallest value(s) become zero, enhancing inter
pretability and sparsity and (ii) we effectively bound the 

Figure 2 Comparison of distance metrics between cell cohorts: (A) comparison of Euclidean distances between cohort means (dμ), Euclidean 
distance between covariance matrices (dΣ), and log-Euclidean distances between covariance matrices (d logðΣÞ) as 1D classifiers of cohort-cell type 
similarity as measured by AUROC. (B) Points signify cohort pairs with position (dμ, d logðΣÞÞ, showing a stronger relationship between the mean and 
log-covariance at small distances. (C) Identical analysis restricted to middle quartiles on the lung dataset show a weaker relationship of dμ and d logðΣÞ

on medium distances, with classifier outperformance persisting (A.U. = Arbitrary Units). (D) Comparison of the same distance metrics on simulated 
scRNA-seq data with added noise. case–control score is the ratio of the inter-cohort distance to the intra-cohort distance.
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determinant to be ≤Mh. In linear algebra, the determinant has a 
volume interpretation, thus bounding it makes the magnitude 
of overall covariance comparable across cohorts, analogous to 
count normalization for gene expression.

2.4 Sceodesic learns study-wide gene 
programs from local gene programs via 
population-value decomposition
The eigenvectors Ui 2 Rh×h constitute local gene programs for 
each cell cohort ci. Sceodesic next identifies frequently occur
ring and rare programs across cell cohorts, producing a study- 
wide set of programs that could be a shared dictionary globally. 
To do so, we adapt population value decomposition (PVD), a 
method first introduced in image processing (Crainiceanu et al. 
2011). PVD estimates common features between images by esti
mating an optimal set of vectors that serve as a common basis 
for reconstructing ‘features’ specific to individual images, rather 
than the images ‘themselves’. In our context, the key insight of 
PVD is that the set of eigenvectors across all cohorts can itself 
be viewed as observations in Rh. Performing PCA on this set will 
reveal frequent and rare programs, as high- and low-ranked 

PCs, respectively. We select only the eigenvectors of each cell 
cohort sufficient to explain 90% of the variability in the cell co
hort, in order to limit noisy features. Denoting this set Uv

i , we 
concatenate them across cohorts, 

U ¼ ½Uv
1j; . . . ; jUv

n�

and perform a sparse principal component analysis on the rows 
of UT as if they were themselves samples (although each row is 
really a gene program). This yields a series of sparse vectors 
Pj 2 Rh, for j ¼ 1; . . .;h, that best reconstruct the features. The 
programs’ sparse estimation increases their interpretability, es
pecially in context of gene set enrichment analysis. We denote bU 
as the matrix whose column vectors are Pj, underscoring that 
these programs are analogous to eigenvectors.

2.5 Sceodesic reconstructs gene 
coexpression while respecting the 
PSD manifold
Finally, having estimated study-wide gene programs bU, we 
reconstruct cell cohort-specific covariance matrices using 

Figure 3 Comparing program estimation methods on CITE-Seq data. (A) Number of ADT surface proteins whose expression levels are best predicted 
from scRNA-seq data resolved into Sceodesic, PCA, NMF, and scVI gene programs, as measured by out-of-sample R-squared. For each program 
estimation method and each surface protein, a Lasso regression was trained to assess program predictiveness. (B) Performance of program 
estimation methods as measured by out-of-sample R-squared on selected proteins. (C) UMAP of CITE-Seq dataset, colored by activity level of each 
method’s program that is most correlated with the given protein’s expression.
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these programs. This amounts to finding the set of weights on 
the estimated programs that minimize the distance to a cohort’s 
covariance matrix. However, per the previous discussion, this 
distance computed between two matrices must respect the 
PSD manifold’s curvature to remain mathematically meaningful 
and preserve biological information. Therefore, we crucially 
use the log-Euclidean metric as the basis for our objective func
tion in the reconstruction task. We note that this metric is 
a lower bound on the manifold geodesic distance, i.e. 
δRiemannian
M ðΣ1;Σ2Þ≥ jj logðΣ1Þ− logðΣ2ÞjjF (Bhatia 2009). The re

construction problem for cohort ci is: 

min
Si
∥ logð~Σ iÞ− logðbUSibU

T
Þ∥F where ~Σ i ¼ Ui ~DiUT

i ;

subject to the constraint that Si is diagonal. Essentially, we 
are solving for closeness in the tangent space. Since 
logðbUSibU

T
Þ ¼ bU logðSiÞbU

T
, we work with logðSiÞ, denoting it Slog

i . 
We describe the solution (see Supplementary Section: Proof of 
the optimality of Slog

i ), deriving the final form for the diagonal 
entries of S log i : 

½bS
log i
�jj ¼ ½

bU
T

logð~Σ iÞbU�jj for j ¼ 1 . . . h 

The feature weights of bS
log i recapitulate gene program activ

ity of cell cohort ci on the tangent bundle of the Sn
þ manifold, 

allowing for the weights to be consistently manipulated using 
Euclidean metrics. At the same time, though the weights corre
spond to shared study-wide dictionary of gene programs, the 
weights are themselves still specific to ci’s cell state.

The final product of Sceodesic is thus 2-fold: bU, a set of h dis
tinct gene programs each in Rh, and second Ssceo 2 RN×h, a ma
trix of cell-by-program expression. All cells in the cell cohort ci 

have the feature vector bS
log i
2 Rh. These per-cohort features 

can be concatenated with per-cell features from PCA or NMF to 
provide a representation capturing both global (PCA or NMF) 
and local (Sceodesic) variability.

2.6 Guidance on hyperparameter choices
The two key hyperparameters in Sceodesic are the number of 
cell cohorts n, and the number of variable genes h for which 
coexpression will be estimated. These parameters directly deter
mine whether the base estimators, the sample covariance matri
ces of the cell cohorts, tend to be singular. Increasing n provides 
greater cell state granularity but decreases the average number 
of cells per cell cohorts and thus increases the chances that 
some sample covariance matrices are singular. Similarly, a 
higher h increases the hurdle to a non-singular matrix. We rec
ommend setting h to �300, and n to be N=h, so that the typical 
cohort is just big enough to likely produce a non-singular covari
ance matrix. For a dataset of 30 000 cells, this implies n¼ 1000, 

Figure 4 Comparing program estimation methods on Perturb-Seq data. (A) Number of distinct perturbations for which each method has the highest 
case–control score. (B) Case–control score for each method, averaged over all perturbations with equal weight, as well as averaged over all 
perturbations proportional to number of cells belonging to a particular perturbation. (C) Spearman correlation of perturbation-to-perturbation 
distances with gene–gene interaction scores generated by scGPT. (D) Biologically meaningful and discriminative metrics are determined by the 
ability to recapitulate transcriptional state such that a control state is further from a perturbed state than sets of cells within the control state are to 
each other. Similarly, different perturbations should be further from each other than transcriptional states of cells within those same perturbations. 
Perturb-seq facilitates such analysis of the discriminative power of a program estimation method. The case–control score, or the ratio of case– 
control distance to intra-control distance, captures this notion.
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enough to cover transient cell states in most studies. There are 
also minor hyperparameters: the target condition number M, 
the sparsity parameter λ in the sparse PCA step of the popula
tion value decomposition, and the amount of explained variance 
vpvd that determines how many cell cohort-specific eigenvectors 
should be included in the PVD. These can be left to their default 
values (see guidance and robustness analysis in Sec. 2.6).

2.7 Validation on simulated data
Our main observation was that treating differences in covari
ance in a mathematically consistent way would allow true 
differences in gene program expression to be captured mathe
matically. A close corollary of this observation is that if two cells 
were known to have distinct regulatory networks governing 
their transcriptional state, then we would expect the log- 
Euclidean metric to pick up on those differences, and in 
particular when average gene expression was similar across 
cell conditions. Therefore, we created two distinct gene regula
tory networks (Fig. 6, available as supplementary data at 
Bioinformatics online).

We simulated the single cell data from these gene regulatory 
networks using SERGIO, and added increasing amounts of noise 
of several types. SERGIO takes as input a user defined gene regu
latory network, in which master regulator genes are given base 
expression levels, and downstream genes that the GRN connects 
those master regulators to have their expression as some non- 
linear function of the master regulator genes’ expression. More 
specifically, SERGIO uses a stochastic differential equation (SDE) 

which is known as the chemical Langevin equation in simulating 
gene expression dynamics over time (Dibaeinia and Sinha 2020).

We added two forms of noise that SERGIO supports, dropouts 
and outliers. Dropout noise increases the probability that ob
served transcript counts stochastically drop to zero, despite the 
GRN structure staying the same. In contrast, outlier noise 
increases the probability that observed counts are much higher 
than realized in the actual network simulation.

Given this simulated gene expression data, we then computed 
case–control scores as described in the main text, to determine 
how well cell states were separated by the log-Euclidean metric, 
and the Euclidean metric on the mean expression vector and 
the covariance matrix. For all scenarios, including without tech
nical noise, we used Hill coefficients 1, 2, and 3 which denote in
creasing non-linearity in the expression response of genes 
regulated by master regulator genes upstream in the regulatory 
network. For outlier noise, we used parameters: outlier proba
bility 0.01, outlier standard deviation 0.1, outlier mean 0.5. For 
dropouts we used a mean parameter of 0.1 and a dropout per
centile of 5% (though we ran identical experiments for percen
tiles of 10 and 20% with qualitatively similar results). For more 
details on SERGIO parameters and the differential equations 
simulated, see (Dibaeinia and Sinha 2020).

2.8 Cell type discrimination validation of 
distance metrics
We tested the effectiveness of the log-Euclidean metric via its 
ability to capture cell type annotated cell type differences. We 
used scRNA-seq datasets from the CELLxGENE portal (https:// 

Figure 5 Comparing program estimation methods on time-course data. Spearman correlation between developmental time and program expression 
for the most correlated program from each method.

Bioinformatics, 2026, Vol, 42, Issue 5                                                                                                                                                                                                                                                        7 

https://academic.oup.com/bioinformatics/article-lookup/doi/10.1093/bioinformatics/btag135#supplementary-data
https://cellxgene.cziscience.com/datasets


cellxgene.cziscience.com/datasets), including Human Lung Cell 
Atlas with 2.3 million cells (Sikkema et al. 2023), the one-million 
cell survey of embryonic development (Cao et al. 2020), the 
Human Breast Cell Atlas with 800 000 cells (Reed et al. 2023), 
and the DCM/ACM Heart Cell Atlas with 881 000 cells (Reichart 
et al. 2022).

We ran k-means clustering to compute cell cohorts and 
marked each cell cohort with its dominant cell type label, ex
cluding cohorts without a dominant cell type (we required cell 
type purity of 0.9 in terms of cell type). For the four datasets, we 
set k to keep a roughly fixed average number of cells across 
datasets. Therefore for the lung, fetal, breast, and heart datasets 
we used k¼ ð500;250;200;200Þ cohorts, respectively in our 
experiments. For all datasets, we set the number of highly vari
able genes used in covariance calculations equal to 400. For 
cohort-specific covariance matrices, we used a condition control 
number of 50, which we have found delivers stable and accurate 
estimates. Computations of mean expression vectors used all G 
genes present in each dataset.

Then, we tested three metrics (dμ, dΣ, d logðΣÞ) ability to group 
pairs of cohorts with the same cell type and distinguish pairs 
with distinct cell-types via a 1-D discriminant. We used AUROC 
as the performance metric. We recomputed the same AUROC 
performance metric for the middle 50% of observations in terms 
of the mean distances between clusters. To compare the intrin
sic differences between the Euclidean distance of the mean vec
tors characterizing cohorts and the log-Euclidean metric, we 
used Spearman correlation.

2.9 Cite-seq validation experiments
To evaluate Sceodesic programs’ ability to pick up on complex 
biological phenomena, we used multi-modal data in which two 
distinct measurements were taken for the same cells. 
Specifically, we used data generated by Cite-Seq, which meas
ures protein expression levels and gene expression levels at 
single-cell resolution. If Sceodesic programs could function as 
effective predictor variables for protein expression levels, then it 
would be good evidence the programs were picking up on tran
scriptional signatures of complex cellular activity. Since meth
ods that aim to recapitulate gene expression as gene program 
expression can, as in the case of PCA, almost exactly capture 
gene expression given enough components, we wanted to test if 
a small number of programs were biologically informative and 
could compress important information in the transcriptional 
state. Thus, we limited each method by choosing the k¼ 10 
most predictive components of surface protein levels for each 
protein, and assessed the quality of those models.

First, for each surface protein’s expression levels, we per
formed variable selection by isolating each method’s most pre
dictive programs. We did this by fitting a lasso regression with 
5-fold cross validation to select the k¼ 10 largest coefficients 
from the most predictive lasso model as the candidate pro
grams. Next, using these selected candidate programs, we per
formed linear regression on those ten variables with the 
standard 80–20 training-test split for each protein. We assessed 
each model by computing the out-of-sample R2.

For Sceodesic, the hyperparameter choices were: 300 highly 
variable genes, 100 cohorts, 0 sparsity, 50 maximum condition 

number, and gamma for GMM of 0.01. For PCA, the first 300 PCs 
were used. For NMF, 300 components were used, with a toler
ance of 1:0e − 03 in the estimation and 300 maximum iterations.

2.10 Perturb-seq validation experiments
The dataset contained 1.9 million cells in total with 9867 distinct 
perturbations. We computed case control scores as described in 
Results. The case control score is a ratio between the inter- 
condition distance for a metric and the intra-condition distance 
for a metric, where the denominator is the intra-condition dis
tance for a reference class. In this case, we used two distinct 
sets of reference classes. First, a proper control—we used cells 
with non-targeting guide RNAs as controls, which is the standard 
in Perturb-seq analyses. Second, we used different common per
turbations as the reference class to measure the ability of met
rics to separate different perturbations. For the reference class, 
we performed 1000 random uniform splits of the row indices 
into two groups and computed the Euclidean distance of the 
mean gene program expression in each of the two groups. For 
inter-condition distances, we compared mean gene program ex
pression across those conditions using a Euclidean distance.

For PCA and NMF, we used 300 components. For Sceodesic 
the hyperparameters were: 300 highly variable genes, 150 
cohorts, 0 sparsity, 50 maximum condition number, 
and gamma¼ 0:001.

2.11 Time-course validation experiments
We computed Spearman correlations between (i) the develop
mental time point at which each transcriptional profile was 
measured for a given cell and (ii) the gene program expression 
of a program t for a method m for each cell. We then isolated 
the program that exhibited the maximum Spearman time corre
lation for each method, and compared those. We performed 
GSEA using Enrichr (Chen et al. 2013), using genes whose L1- 
norm weight made up at least 95% of the L1-norm of the gene 
program vector.

For maximum effect size, we computed the absolute value of 
Hedges g between the cells of a given cell type (Glutamatergic 
neurons, GABAergic neurons, astrocytes, cortical cell of adrenal 
gland, and Purkinje cells) in the first time period they were ob
served in and the last time point the same cell type was ob
served in. The aim was to measure how significantly the gene 
program expression distribution changed between the start and 
end of the developmental process observed. Hedges g (Hedges 
1981) is given by: 

g ¼
�x1 − �x2

s�

Where the denominator is the pooled standard deviation: 

s� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn1 − 1Þs2
1þðn2 − 1Þs2

2
n1þ n2 − 2

s

Since the program expression is arbitrary up to sign, we re
port the absolute value of the Hedges’ g, rather than the 
raw value.
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3 Results
3.1 The log-Euclidean metric: an 
expressive and mathematically consistent 
metric for coexpression
The practice of comparing distinct transcriptional states by tak
ing average gene expression vectors and computing their 
Euclidean distance has been ubiquitous in the field of single-cell 
analysis, appearing everywhere from differential expression 
analysis to clustering and pseudotime inference. However, as 
datasets grow larger and more heterogeneous, distinct cell 
states may have similar average gene expression and thus differ
ences in gene coexpression become necessary to discriminate 
between those states.

Existing work has analyzed differences in covariance across 
cell states using Bayesian methods or metrics that fail to respect 
curvature of the coexpression manifold. There is a recognition in 
the field that this failure may lead to spurious estimates of dif
ferential coexpression. Micheletti et al. (2024) sought to correct 
for these errors in the context of batch integration. Furthermore, 
Saha et al. (2024) have used sample-specific coexpression matri
ces to recognize variation across individual patients. Finally, Hie 
et al. (2019) used Frobenius norms to compute distances be
tween covariance matrices. The central issue with current meth
ods for comparing covariance across conditions is that they 
ignore the defining structural property that make covariance 
matrices what they are: their Positive Symmetric Definite prop
erty. Failing to respect the PSD property is equivalent to ignor
ing the curvature inherent to the space of covariance matrices. 
Respecting the curvature of this manifold is ‘necessary’ for dis
tance between objects on the manifold to be meaningful, inter
pretable, and consistent.

As a mathematically consistent and computationally efficient 
notion of distance between covariance matrices, we introduce 
the log-Euclidean metric. The log-Euclidean metric is a core 
mathematical concept from the field of differential geometry, 
which deals with objects that live in curved spaces. Our method
ological advance rests on two key conceptual insights. The first 
is mathematical: Under certain conditions, the log-Euclidean 
metric provides the ‘best’ possible linear approximation to the 
true or geodesic distance between two objects in a curved 
space. Covariance matrices are one such object. Therefore, we 
exploit the structure of the logarithmic map to approximate geo
desic, distance between covariance matrices in the space of 
Positive Semi-Definite matrices. Furthermore, since the log- 
Euclidean metric is empirical, it does not impose distributional 
assumptions or require difficult-to-compute conjugate priors 
like the Wishart distribution. The second conceptual insight is 
computational: the matrix logarithm for covariance matrices 
can be computed directly from an eigendecomposition, which is 
exactly the same kind of analysis performed in principal compo
nent analysis. Specifically, the matrix logarithm of a covariance 
matrix has the same eigenvectors as the original matrix and its 
eigenvalues are the logarithms of the original. The matrix loga
rithm then follows as the Euclidean distance between the loga
rithms of two covariance matrices (Fig. 1D). In computing the 
log-Euclidean metric, we therefore deploy existing and efficient 

computational techniques for eigendecomposition of cell 
cohorts, while endowing the log-Euclidean metric with an intui
tive, PCA-like interpretation. However, the log-Euclidean metric 
is expected to be most accurate in the regime of low curvature 
or small perturbations between covariance matrices. If covari
ance matrices differ massively, the log-Euclidean matrix may be 
a less principled approximation.

3.2 The log-Euclidean metric captures 
differences in cell state
3.2.1 Capturing differences in data simulated from 
artificial gene regulatory networks
We first sought to assess if the log-Euclidean metric could accu
rately pinpoint transcriptional similarities on simulated cell 
types for which ground-truth regulatory network structure is 
known. Using SERGIO (Dibaeinia and Sinha 2020), we simulated 
two cell types (A and B) characterized by distinct coexpression 
patterns that nonetheless had similar ‘average’ gene expression 
across all regulated genes (Fig. 6, available as supplementary 
data at Bioinformatics online). This was achieved by setting high 
levels of expression for distinct master regulator genes corre
sponding to each cell type. Each master regulator was wired to 
induce high-coexpression between distinct pairs of genes. As a 
result, each cell type had similar average gene expression, while 
differentially wired master regulators ensured cells simulated 
from each cell type had different gene–gene coexpression pat
terns (Fig. 6, available as supplementary data at 
Bioinformatics online).

We evaluated and compared three metrics on the simulated 
data: (i) dμ: the Euclidean distance between mean expression 
vectors of each cell type. (ii) dΣ: the Euclidean distance between 
covariance matrices of each cell type. (iii) d logðΣÞ: the log- 
Euclidean distance between covariance matrices of each cell 
type. We scored each measure of transcriptional distance by its 
ability to assign a smaller distance to two cell cohorts from the 
same cell type (intra-cell type distance) than to two cohorts 
from different cell types (inter-cell type distance) (Ji et al. 2023). 
The score, which we refer to as the “case–control score,” is the 
ratio of the intra-cell type distance to the inter-cell type dis
tance. Additionally, to assess the robustness of each metric in 
discerning distinct cell types to the sort of technical noise fre
quently present in real world scRNA-seq data, we performed the 
same evaluations under outlier and dropout noise supported 
natively by the SERGIO package (Dibaeinia and Sinha 2020). 
Outlier noise randomly increases simulated transcript counts, 
and is motivated by the observation that a small set of genes of
ten have exceptionally high expression measurements in real 
scRNA-seq data (Dibaeinia and Sinha 2020). In contrast, dropout 
noise randomly drops transcript counts to zero and is motivated 
by the fact that a high proportion of genes measured in the 
scRNA-seq assay frequently exhibit zero expression in any given 
cell (Dibaeinia and Sinha 2020). To further assess robustness of 
the log-Euclidean metric’s performance, we simulated the noisy 
transcriptional data with Hill coefficients ranging from one to 
three, with the size of the Hill coefficient inducing proportional 
non-linearity in the regulator-gene relationships.

The log-Euclidean metric had the highest case–control scores 
across all conditions, remaining above 60. In contrast, the other 
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metrics were less consistent, generating substantially lower 
scores in the range of 20–40 for the base case and dropout 
noise. Thus we confirmed that the log-Euclidean metric is not 
only mathematically consistent but also empirically robust to 
noise and regulatory non-linearities that are frequently encoun
tered in real-world scRNA-seq data (Fig. 2D).

3.2.2 The log-Euclidean metric effectively relates 
transcriptional similarity to phenotypic similarity
We reasoned that if the log-Euclidean metric is effective, it 
should recapitulate expert cell type annotations. We therefore 
focused on four large scRNA-seq datasets profiling diverse organ 
systems and origins from the CELLxGENE portal. The datasets 
include: the Human Lung Cell Atlas with 2.3 million cells 
(Sikkema et al. 2023), the one-million cell survey of embryonic 
development from Cao et al. (2020), the Human Breast Cell Atlas 
with 800 000 cells (Reed et al. 2023), and the DCM/ACM Heart 
Cell Atlas with 881 000 cells (Reichart et al. 2022). The experi
ments were repeated with twenty-five bootstrap samples for 
each dataset.

For each dataset, we applied k-means clustering to compute 
cell cohorts and marked each cell cohort with its dominant cell 
type label. Individual manual annotations can themselves be in
accurate, and to mitigate this, we limited our analysis to cell 
cohorts with a dominant cell type (purity >0:9). We reasoned 
that these cohorts represented regions of the transcriptional 
landscape where experts were most confident in their annota
tions. We then computed distances between all pairs of cell 
cohorts using each of the three metrics (dμ, dΣ , d logðΣÞ). We sub
sequently evaluated each metric’s ability to predict label simi
larity. Intuitively, a good metric will assign a small distance 
between cell cohorts with the same labels (Section 2.8). We 
used a 1D discriminant as the classifier (i.e. true if distance is 
less than the threshold, false otherwise), computing the area un
der the receiver operating characteristic (AUROC) for 
each metric.

Among the two second-moment (i.e. covariance-based) met
rics, the log-Euclidean metric dlogðΣÞ consistently outperformed 
the Euclidean metric dΣ by 0.001 to 0.14 AUROC (4% − 8% im
provement). Remarkably, the Riemannian metric also outper
formed the first moment metric dμ, sometimes by substantial 
amounts (Fig. 2A). These findings demonstrated that a mathe
matically consistent treatment of gene coexpression contains 
meaningful biological information. This is notable because 
Euclidean differences of gene expression values (i.e. the first mo
ment) underpin much of the extant single-cell RNA-seq analysis 
workflow—from PCA and NMF to mean-squared error loss in 
deep-learning architectures. Our finding therefore suggests that 
exploiting gene coexpression in a mathematically consistent 
way can unlock deeper insights from transcriptional readouts. 
However, a potential critique of our analysis is that the second 
moment may simply recapitulate the biological information 
encoded in the first moment. This stems from the fact that gene 
expression is often modeled as having a Negative Binomial or 
Poisson distribution, in which the means and variance are 
tightly related. However, we reasoned that this was unlikely as 
d logðΣÞ outperformed dμ in most cases, rather than simply 
matching the latter’s performance. Nonetheless, we directly 

tested for and confirmed that the two metrics were intrinsi
cally different.

We investigated the relative informativeness of the first mo
ment metric and the log-Euclidean metric by exploring regimes 
where their agreement was high or low. For pairs of cell cohorts, 
we compared the two metrics and grouped these pairs by how 
similar they were on the first moment metric. Among cohort 
pairs in the bottom 25% of dμ, the metrics exhibit good agree
ment (Spearman correlation 0.54 or higher). This suggests that 
when two cell cohorts are highly similar transcriptionally, both 
metrics capture similar relationships. However, on moderately 
similar cohorts, this was no longer the case. On cohort pairs 
where the first-moment differences are in the 25th–75th percen
tile of dμ, the two metrics showed little agreement (Fig. 2C, 
Spearman correlation 0.10), suggesting that they capture dif
ferent information in this regime. We posited that the greater 
biological fidelity of the log-Euclidean metric may stem from it 
preserving its performance in this regime. Indeed, we found 
that the log-Euclidean metric continued to fare better at cap
turing biological similarity between cell cohorts than does the 
distance between means, as measured by AUROC. Thus, the 
log-Euclidean metric captures distinct information that renders 
it better-suited to distinguish cell states than the Euclidean 
metric.

Our findings illustrate the value of considering the 
Riemannian manifold of gene coexpression matrices to delin
eate biological similarity more accurately. In turn, the perfor
mance of the log-Euclidean metric serves as rationale for 
computing and comparing local estimates of gene–gene covari
ance. However, for the sake of interpretability, these local esti
mates of covariance must be commensurable across cell 
cohorts and thus resolvable into a common set of gene pro
grams. This motivates Sceodesic, which uses the solid mathe
matical foundation of the log-Euclidean metric to produce a 
single set of gene programs that effectively recapitulate dispa
rate cell states.

3.2.3 Sceodesic: an algorithm for identifying 
statistically principled and interpretable 
gene programs
Although the preceding experiments establish that the log- 
Euclidean metric is an effective and accurate measure of tran
scriptional distance, gaining deeper biological insight requires 
identifying the precise gene programs whose expression across 
cell states best explains their transcriptional difference. This 
motivates the introduction of Sceodesic, which leverages the 
log-Euclidean metric to resolve coexpression across disparate 
cell states into a common set of gene programs and associated 
program expression levels.

Sceodesic begins by forming cell cohorts using any unsuper
vised clustering method (e.g. Gaussian mixture models or 
k-means) that effectively groups cells into cohorts that capture 
local regions of the transcriptional landscape (Section 2.2). 
Moreover, in cases where prior biological information such as 
cell membership in broad cell types or batches is known, 
Sceodesic can leverage such user-specified cohorts for down
stream program estimation. Next, covariance matrices and sub
sequent eigendecompositions are computed for each cohort, 
generating a set of cohort-level programs or eigenvectors. Then, 
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these local eigenvectors serve as the basis for performing a 
Population Value Decomposition (PVD), a technique for estimat
ing shared eigenbases across covariance matrices. PVD com
presses the union of these local programs into a smaller, single 
set (Fig. 1D). This is the final set of gene programs Sceodesic 
generates. Next, for each local covariance matrix, we estimate 
the optimal loadings on these study-wide programs under the 
log-Euclidean metric. These loadings constitute the gene pro
gram expression of cells in the corresponding cohort.

Unlike other methods for gene program estimation, 
Sceodesic explicitly leverages local transcriptional variability, 
building its common set of programs in a bottom up fashion 
rather than from the study-wide level. Not only are Sceodesic 
programs more informative regarding local cell state, but 
Sceodesic only requires a cell–by–gene expression matrix, ren
dering it as easily usable and broadly applicable as principle 
components analysis. By aggregating information in a local-to- 
global fashion, and focusing on coexpression in a mathemati
cally consistent way, Sceodesic infers programs that accurately 
recapitulate the data in a principled fashion and capture signifi
cant biological variability.

3.2.4 Sceodesic programs enable parsimonious cross- 
modality inference
If Sceodesic is indeed effective at translating raw transcriptional 
readouts to phenotypic signatures, Sceodesic-based program 
estimates should recapitulate independent modalities or anno
tations on the very same cells. Simultaneously assayed multi- 
modal datasets provide a useful testbed for this hypothesis. 
Accordingly, we evaluated how well the programs generated by 
each method enable prediction of protein expression levels 
from transcriptional state using only a small number of pro
grams. Given previous work has shown that the best predictions 
of protein levels are obtained by considering sets of genes 
(rather than just the one gene corresponding to the protein), we 
benchmarked Sceodesic against two linear approaches, NMF 
and PCA, and one deep learning based approach, scVI (Lopez 
et al. 2018, Hanhart et al. 2024). Linear approaches like scLinear 
have outperformed more complex, machine learning based 
approaches to predict single-cell protein abundance from RNA 
expression data (Hanhart et al. 2024). We considered CITE-seq 
data, which simultaneously measures RNA transcript abundance 
and marker protein abundance at the single-cell level (Stoeckius 
and Smibert 2017). From Hao et al. (2021), who studied of pe
ripheral blood mononuclear cells (PBMCs), we obtained CITE- 
seq data on 211 000 cells, comprising whole-transcriptome gene 
expression and protein expression levels (ADT) for 228 marker 
proteins. We then sought to predict protein expression levels us
ing estimated transcriptional signatures.

We reasoned that if the programs were recognizing relevant 
biological functions, then a small number of programs should 
be able to accurately predict protein abundance. Such sparse 
prediction would also serve to better guide subsequent biologi
cal investigations. We estimated Sceodesic, PCA, NMF, and scVI- 
based programs from the transcriptional data (Section 2.9). We 
next fitted lasso-regularized regression models to predict pro
tein levels in the training data. We calibrated regularization 
thresholds to select the same sparsity level (10 components) for 
each method. Finally, we measured the performance of these 

sparse models on the test set, quantified as the R-squared in re
covering protein expression values from transcriptional read
outs (Fig. 3A). This analysis was repeated over 25 train-test splits 
of the data.

Among the various methods, Sceodesic was the best perform
ing model on almost 50% of proteins, measured in terms of 
test-set R2 values. In direct comparisons, Sceodesic significantly 
outperformed PCA (85% of cases, P-value ¼ 1:90×10− 19 from 
the paired-sample t-test), and NMF (76% of cases, P-value ¼
1:99×10 − 12 from the paired-sample t-test) as well as scVI. In 
other words, a small number of Sceodesic programs were best 
able to explain variation in surface protein expression levels, 
suggesting these programs are picking up on meaningful biolog
ical functionality and can be used to parsimoniously explain 
that same functionality.

One of the surface proteins whose expression levels 
Sceodesic predicts particularly well is CD52 (Fig. 3B). Sceodesic 
outperformed other methods to a large degree (out of sample R- 
squared 0.5 versus 0.25 for the next best method) in predicting 
CD52 protein abundances. CD52 is a protein found on the sur
face of lymphocytes. Conducting a gene set enrichment analysis 
of Sceodesic programs used to predict CD52 levels, we found a 
number of significant hits related to lymphocytes and immune 
cells (hematopoietic cell lineage, cytokine receptor interaction, 
chemokine), suggesting the program consists of a biologically 
meaningful gene set (Tables 2 and 3, available as supplementary 
data at Bioinformatics online).

Moreover, we found that Sceodesic programs are more con
centrated in a smaller set of genes than PCA programs, as mea
sured by the size of the gene set constituting 95% program 
weight for the ten most predictive programs in predicting CD52. 
For PCA, an average of 8505 genes are needed to account for 
95% of the program weight. In contrast, Sceodesic programs 
requires only 141 genes on average to make up the same weight. 
We found that this relationship between the two methods held 
for 25% and 50% weight thresholds as well. Additionally, in a 
separate analysis, we also found that Sceodesic programs 
better recover TF-regulon pairs than PCA (Fig. 22, available as 
supplementary data at Bioinformatics online).

The highly predictive components that Sceodesic produces 
make it easier to interpret and thus experimentally investigate 
the functional relationships suggested by regression results 
(Fig. 3).

3.2.5 Sceodesic faithfully represents the 
transcriptional effect of perturbations
If Sceodesic truly produces meaningful quantitative representa
tions of the transcriptional signatures of distinct phenotypes, it 
should effectively separate wild-type from perturbed cell-states 
and group cell-states resulting from similar perturbations. This 
motivates using Perturb-seq data to test the biological accuracy 
of Sceodesic by considering whether: (i) cells in the wild-type 
group are closer to each other than to those in a perturbed 
state, (ii) cells in distinct perturbation states are further from 
each other than to cells in the same perturbation state, and (iii) 
cells administered functionally similar perturbations are closer 
to each other than to cells administered functionally distinct 
perturbations. Replogle et al. (2022) conducted a genome-scale 
Perturb-seq that targeted 9866 genes using CRISPRi 
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knockdowns on 2.5 million human cells. We analyzed 2 million 
gene expression profiles belonging to cells in the CML K562 cell 
line, which are artificial antigen-presenting cells (Xu et al. 2018). 
We compared Sceodesic to programs generated by PCA 
and NMF.

First, we evaluated the ability of each method to distinguish 
perturbation states from the wild-type or control state. In 
Perturb-seq, control cells are characterized by non-targeting 
sgRNAs, which do not target any particular site on the genome. 
Following Ji et al. (2023) we computed ‘intra–control’ distances 
between cell cohorts and compared them to inter control–per
turbation distances, which we refer to as ‘case–control’ distan
ces. We scored each method by its ratio of the case–control 
distance to the intra–control distance, which acts as a measure 
of how well a set of gene programs differentiates distinct cell 
states. To compute the intra–control distance, we randomly par
titioned the control state cells and computed the average differ
ence between gene programs over random pairs of cell cohorts 
in this group. This was repeated and averaged over 100 parti
tions, to account for noise. Additionally, 25 bootstrap samples 
of the dataset were computed and all experiments were per
formed on those samples. To compute the case–control dis
tance, we took the average gene program expression of the 
entire control group and computed the distance to the corre
sponding average profile of each perturbation. Second, to evalu
ate Sceodesic’s ability to differentiate distinct perturbation 
states from one another, we selected the 250 perturbations with 
the greatest number of cells. Treating each of these, in turn, as 
the reference set, we applied the previous approach to estimate 
case–control separation. Finally, to evaluate Sceodesic’s ability 
to further group functionally similar perturbations and separate 
functionally dissimilar perturbations, we computed the 
Spearman correlation of scGPT gene–gene embedding similarity 
scores to the distances between distinct perturbation states for 
the top 25 perturbations in each method. scGPT is a foundation 
model for single-cell biology that leverages generative pre
trained transformers on large-scale single-cell sequencing data 
to produce gene embeddings capturing key transcriptional pat
terns (Cui et al. 2024). With fine-tuning, scGPT representations 
were able to recapitulate functionally related sets of genes, 
making scGPT gene–gene interaction scores a good benchmark 
for whether linear representations like Sceodesic programs cap
tured the same information (Cui et al. 2024). We reasoned that a 
negative Spearman correlation was desirable, because such a 
correlation implies a high interaction score and thus functional 
similarity corresponds to low distances in the embedding space, 
which it expected for functionally similar genes.

Among the three methods, Sceodesic performed best at sepa
rating distinct phenotypic states and grouping similar states 
(Fig. 4). First, Sceodesic best separated perturbation states from 
wild-type states, producing the highest case–control score for 
55% of the 250 most abundant perturbations. Roughly one fifth 
of perturbations did not have a statistically significant top per
forming method. Second, Sceodesic most effectively distin
guished different perturbation states from one another, 
producing significantly higher case–control scores than compet
ing methods on a per-perturbation equal weighted and cell- 
count weighted basis (Sceodesic versus PCA P-value ¼
1:84×10 − 30 and Sceodesic versus NMF P-value 1:39×10 − 44 

from paired t-tests). This suggests Sceodesic outperformance 
was broad-based, holding for both frequent and infrequent per
turbations. Third, Sceodesic performed best at grouping func
tionally similar perturbations while separating functionally 
dissimilar perturbations, with Sceodesic perturbation–perturba
tion distances exhibiting 10% Spearman correlations with scGPT 
gene–gene interaction scores while PCA and NMF achieved near 
zero correlation scores over the bootstrap samples. This demon
strates that Sceodesic better represents functionally similarity 
than competing methods.

Moreover, Sceodesic is able to substantially group function
ally relevant pairs of gene perturbations that PCA and NMF clas
sify as being very far away in those gene program expression 
spaces. Sceodesic alone placed PPP2R1A and ZBTB7A as very 
close in its gene program expression space. Both of these genes 
have been implicated in anoikis resistance in prostate cancer 
(Zhang et al. 2024). Dysregulation of anoikis is a critical mecha
nism involved in tumor metastasis (Kim et al. 2012).

These results suggest that the Sceodesic gene program ex
pression space resolves raw gene expression into biologically 
accurate and relevant programs which capture important func
tional characteristics present in Perturb-seq data. Sceodesic’s 
ability to better capture perturbational phenotypes from tran
scriptional readouts creates potential for better in-silico plan
ning and prioritizing of select perturbations in future 
experiments. In turn, Sceodesic programs could allow for more 
efficient, informed traversal of the immense perturba
tional landscape.

3.2.6 Sceodesic program expression captures time- 
series variation of development processes via inter
pretable gene programs
A fundamental goal of developmental biology is characterizing 
the transcriptional drivers and markers of embryonic develop
ment. Towards that, we assessed Sceodesic’s ability to resolve 
gene expression into biologically meaningful programs that 
exhibited high correlation with a key biological covariate: time. 
Cao et al. (2020) collected 121 human fetal samples with single- 
cell RNA-sequencing amounting to 4 million cells in total. The 
dataset had 15 organs represented from the 10th to the 18th 
week of the post-fertilization stage resolved into 8 experimental 
time stages.

We estimated Sceodesic, NMF, and PCA programs on this 
dataset, and asked two related questions towards identifying 
transcriptional markers. First, are there specific gene programs 
that exhibit high Spearman correlation with time-course? 
Second, for gene programs whose expression levels were highly 
correlated with time, was there a substantial change in the level 
of program expression from the earliest available time point to 
the latest? The first question asks if some gene programs have a 
clear temporal gradient, and the second asks whether the 
strength of that gradient is substantial. To answer these ques
tions, we isolated the gene program from each method that had 
the strongest Spearman correlation with time after sub-setting 
for cell type. We considered five cell types that occurred most 
frequently in the dataset: Glutamatergic neurons, GABAergic 
neurons, astrocytes, cortical cell of adrenal gland, and Purkinje 
cells. All estimation was done in an unsupervised fashion, 
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meaning no method was able to access the developmental time 
points or cell types associated to each cell in the dataset.

For four out of five cell types, a Sceodesic program exhibited 
the highest Spearman correlation with time, with the largest 
outperformance occurring for the two most prominent cell types 
in the dataset, Glutamatergic and GABAergic neurons. This fact 
is in line with our more general observation that larger datasets 
allow Sceodesic to produce gene programs that are based on 
more accurate local covariance estimates. Therefore, these pro
grams are more likely to capture important functional relation
ships between genes and the biological covariates they 
correspond to—in this case development. Moreover, Sceodesic 
programs also demonstrated the largest or second largest effect 
size between the first and last development time points avail
able for each cell type (Fig. 23, available as supplementary data
at Bioinformatics online). In the case of the Glutamatergic neu
ron, the Sceodesic gene program with the maximum time corre
lation prominently featured a set of genes that, upon gene set 
enrichment analysis in Enrichr (Chen et al. 2013), were signifi
cantly associated with neuron projection (Benjamini-Hochberg 
corrected P-value = .045). Neuron projections are prolongations 
of neurons that characterize the development of the embryonic 
brain and are critical for achieving widespread connectivity be
tween neurons (The UniProt Consortium 2024). Therefore, 
Sceodesic’s programs not only pick up genes that statistically 
vary with time, but feature biological connections to the course 
of development itself for specific cell types.

4 Discussion
The central promise of single-cell transcriptomics is to measure 
cellular heterogeneity at a resolution not previously possible. 
For these data to power discovery and clinical development, we 
need mathematical signatures of transcriptional measurements 
that faithfully capture the distinct cell states comprising such bi
ological heterogeneity. By leveraging the tools of differential ge
ometry, specifically the log-Euclidean metric, Sceodesic resolves 
gene expression measurements into a small number of linear, 
sparse and interpretable gene programs whose statistical prop
erties display high correspondence to observed phenotypes.

We sought to validate Sceodesic against independently mea
sured ground truth rather than against internal consistency with 
computational measures such as clustering overlap with poten
tially erroneous cell type annotations. Towards this, we 
exploited multi-modal and perturbation-based single-cell data
sets where transcriptional signatures can be evaluated against 
real biological ground truth, in the form of measurements from 
other modalities like surface protein expression levels or case– 
control differences. These experiments confirmed that the 
Sceodesic programs accurately uncover the signature of cell 
phenotype and complex cellular activities present in transcrip
tional state. The experiments illustrate settings in which local 
methods are expected to outperform global ones: datasets with 
substantial heterogeneity, larger sample sizes that enable more 
accurate estimation of state-specific covariance, and complex 
data with many states or batch effects where local covariance 
structure is more robust to noise.

Our development of Sceodesic is motivated by the advent of 
larger single-cell datasets. Previously, with smaller datasets, the 
focus has primarily been on the first moments of the data. Even 
when grouping cells for analysis, existing work such as the meta
cell approach from Baran et al. (2019) has focused on the first 
moment (i.e. averaging gene expression within cell states). With 
these small datasets, accurately estimating higher moments of 
the data, such as covariance, was difficult enough at the global 
whole-dataset scale, let alone for specific cell-states. But the 
availability of larger datasets, in which more observations cover 
the same cell state, allows for the expression patterns of distinct 
cell states to be better characterized. Specifically, we focused 
on studying the covariance of gene expression, which naturally 
resolves into gene programs that serve as transcriptional signa
tures of complex biological phenomena and cell phenotypes. 
Crucially, our covariance estimates are computed locally for 
each cell cohort and then aggregated, side-stepping the risk of 
batch effects and other measurements to confound the esti
mates. To enable efficient and accurate estimation of interpret
able programs, Sceodesic reaches into the mathematical theory 
of Riemannian manifolds and, specifically, the cone of positive 
symmetric definite matrices. While the log-Euclidean metric 
serves as the mathematical cornerstone that enables the effi
cient and correct comparison of gene coexpression across cell 
states, Sceodesic’s efficiency and interpretability stems from 
our innovative combination of this deep mathematical insight 
with computationally robust estimation of shared eigenbases. 
We additionally introduce a principled technique to address ill- 
conditioned covariance matrices that expands the general appli
cability of second-moment methods in single-cell analyses.

Sceodesic’s ability to accurately characterize perturbations 
and parsimoniously predict cross-modality readouts opens up 
many possible applications. Compared to previous work, 
Sceodesic is more effective at bridging the transcriptomic–pro
teomic divide as its linear programs consistently recapitulate 
proteomic readouts more accurately than existing approaches. 
Thus, in a basic science or diagnostic setting, Sceodesic allows 
for a single transcriptional assay to give substantial information 
about protein expression levels for hundreds of proteins, saving 
time and resources, as well as enabling more informed decision 
making about which assays should be subsequently used. In ef
fect, a single scRNA-seq assay can, in conjunction with 
Sceodesic protein predictions, serve as a panel of tests for cell 
state. More broadly, Sceodesic programs fit seamlessly into 
existing single-cell analyses. For instance, they can be used to 
supplement PCA in a clustering analysis, and Sceodesic gene 
program expression levels can play a role in computing nearest 
neighbor graphs that are upstream of many pseudotime, clus
tering, and dimensionality reduction analyses. Looking ahead, 
Sceodesic could be extended to include information about both 
the first and second moments of gene expression, generating 
multivariate normal representations of data. While we focus on 
specific scRNA-seq applications, our innovations are also rele
vant to other problems where coexpression is of interest–for in
stance, in analyzing protein abundance across different cellular 
cohorts. We anticipate that Sceodesic will help unlock funda
mental biological insights from modern single-cell data.
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