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Abstract

Numerous cell types relate to their immediate environment by exerting a three-dimensional pressure field on
their environment, with components both longitudinal and transverse to the cell membrane. This pressure
field can in principle be measured by traction force microscopy experiments. Compared to other approaches,
the technique of protrusion force microscopy gives access with high spatial resolution to the pressure field
by measuring the deformation of a thin elastic membrane using atomic force microscopy (AFM). However,
while the pressure field under interest is three-dimensional, the height profile measured by AFM is only
one-dimensional. We propose a solution to this inverse problem and we explore its regime of applicability

in the experimental context.

1 Introduction

Mechanosensing is the capacity of a cell to probe the
mechanical stimuli of its environment and to orient con-
sequently its decisions concerning key processes such
as apoptosis, migration, differentiation, or morphogen-
esis [1]. Reciprocally, multiple cells also exert forces
on their environment to execute their biological func-
tion, among which immune cells. Interestingly, lym-
phocytes, including T-cells, are considered as poorly
adherent when they patrol the different tissues of the
organism, but switch to a very adherent behavior when
they encounter the antigen for which they are specific.
Indeed a stable immunological synapse is then estab-
lished between the T-cell and its cellular target (virus-
infected cell or tumor cell).

The forces acting within this immunological synapse
play a crucial role in various biomechanical processes [2—
10]. A deeper understanding of their molecular ori-
gins at the level of the active cytoskeleton network,
as well as the local quantification of their magnitude
and direction, enable the identification of the influ-
ence of forces on different synaptic mechanisms but
remain challenging from an experimental viewpoint.
The potential implications embrace the development
of therapeutics targeting cancers and inflammatory or
autoimmune diseases.

*e-mail: nicolas.destainville@Qutoulouse.fr (corresponding
author)

Over the past decades, several experimental tech-
niques based on fluorescence microscopy have been
developed to measure forces at the subcellular scale, in
the nano-Newton range. Notable examples include the
measurement of longitudinal forces via elastic gel defor-
mation and micropillar bending [11-15]. Alternatively,
measurements of cellular-induced deformation of a For-
mvar elastic membrane using atomic force microscopy
(AFM) have been employed to quantify the trans-
verse forces exerted by macrophages [16]. This protru-
sion force microscopy technique is schematized in Fig. 1
(Top). However, a limitation of this latter method is
that only forces perpendicular to the substrate have
been primarily considered so far, as they are inferred
from the measured height of the Formvar deformation
by the help of elasticity theory, whereas transverse and
longitudinal forces can have the same order of magni-
tude [17]. In this study, we extend the analytical frame-
work describing the deformation height of a loaded
membrane to account for both transverse and longi-
tudinal deformations under a three-dimensional pres-
sure field. We then propose a mathematical model that
enables the reconstruction of this three-dimensional
pressure field components solely from the measurement
of the deformation scalar height field, relying on the
resolution of an optimization problem.

The paper is organized as follows: In the next sec-
tion, using the theory of elasticity of plates, we calcu-
late the deformation of the membrane under loading,
for a transverse pressure field, a longitudinal one, and
a combination of both. In Sect. 3, we show how to solve
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Fig. 1 Top: Cartoon of the Protrusion Force Microscopy
experimental setup (not at scale). The cell (in blue, its inter-
face with the stimulatory substrate in dark blue) adheres
on the lower face of the elastic membrane (in light gray),
whereas the AFM measurement are performed on its upper
face (AFM canterliver in dark gray). The Region of Inter-
est (ROI) scanned by the AFM appears in white. Bottom:
Point loading of the circular elastic membrane of radius a
at its center O. F, and F| are, respectively, transverse and
longitudinal point loadings

the inverse problem of inferring the 3D pressure field
from the measurement of the scalar height field of the
membrane and we illustrate our findings on realistic
examples related to T-cell synapses, before concluding
in the last section.

2 Deformation of a membrane under
loading

We model the elastic membrane as a circular elastic
plate of radius a and thickness e, with fixed bound-
ary conditions as detailed below. Using elastic theory
at the linear level, we first compute the deformation
of the membrane under various point forces and pres-
sure fields. These results will be useful below to solve
the inverse problem. We emphasize that, in both con-
tinuous and discrete descriptions, since the 3D loading
field has the dimension of pressure (Pa), we express it
accordingly rather than as a “traction force”, and we
adopt this convention throughout the paper.

2.1 Deflection of a circular membrane under tension
by a transverse point loading

The deflection along the z direction of a circular
clamped membrane of radius a, under residual tension
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7 > 0 for a transverse point loading P, = F.d(r) at
its center O at r = 0, parallel to the membrane axis
of symmetry (Fig. 1, Bottom), satisfies, for small gradi-
ents:

- {0 (- ()
+ (Ko(k:) ~ K, (Z’)) “In (2)} (2.1)

where I,, and K,, are respectively modified Bessel func-
tions of first and second kind of order n [18]; u,(r) is

the deflection of the membrane, r = ||r|| = /22 + y?
is the distance to the center O, kK = % is the

bending rigidity with E the Young modulus, e the
membrane thickness, v the Poisson ratio [19] and k =
a\/z is the dimensionless inverse Helfrich correlation
length [20]. The calculation of this transverse deforma-
tion is detailed in appendix A.

In the following, we will use these results beyond the
small-gradient regime for the sake of simplicity and dis-
cuss the implications of this in the last section.

2.2 Longitudinal deformation of a circular
membrane under longitudinal point loading

Now we examine the membrane longitudinal deforma-
tion under longitudinal loading Py(r) = P.(r)e, +
P,(r)e,. On an infinite tensionless membrane (a — o),
it is solution of the coupled partial differential equa-
tions [19]

e 1 0%u, 1 0%y + 1 82uy _
1—v2 922  2(1+4+v) 0y2  2(1—v)0ydz| °
(2.2)
1 0%uy 1 0%uy 1 Pus |
Ee {1 —v2 Oy? + 2(1+v) Ox? + 21 —-v) amay} =P
(2.3)

In thin plate theory, the longitudinal deformation is
assumed to be homogeneous across the entire plate
(i.e., independent of the coordinate z), since the applied
forces are considered small as compared to the internal
constraints, as demonstrated in [19]. Therefore, they
can be treated as mid-plate forces, and by up-down
symmetry z — —z, we have u, = —u, for the same
longitudinal loading, thus u, = 0. Longitudinal loading
of the membrane does not cause any vertical displace-
ment.

For a point loading P(r) = F|é(r) (Fig.1, Bot-
tom), one can define the characteristic lengths f, =
Fjo/(Ee), a € {z,y}, which set the typical length-
scale of the deformation caused by the loading (see
below). Considering first the limit a — oo, we Fourier
transform the previous displacement equations, and
obtain:
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! Py + ——— 1y + ————qyqully = f.
=027 21 w) ™" 21 —p) VY
(2.4)
1 1 ~
24 24 A
1= 2%t + 2(1+ )qyux + 2(1 —v) Gyalle = fy

(2.5)

where q = (¢z, qy) is the wave-vector. Thus:

Ll =)@+ 20+ 1)@ — fy(1+v)2quq,

Uy =

¢t
(2.6)
Rl =)gg +2(1+v)¢2] - fo(1 +1)%qy4n
Uy = 7
q
(2.7)
where ¢ = ||q||. Consequently, if F~! denotes the
inverse Fourier transform, we can write
. 0? 1 0? 1
— .Y -1 Y o1
Up = —fo ((1 v )812]: [q4:|+2(1+1/)8y2.7: |:q4:|)
+f, (1+u)2872f—1 {i} (2.8)
Y Oyox q* ’
. %2 __,[1 |
Uy = —fy (2(1 +y)@f ! [(TJ + (1 —llz)ﬁf E L‘T‘*D
et e [1] 29
” Oyox q* ’

The inverse 2D Fourier transform of - is not prop-
erly defined because of the divergence at ¢ = 0 but one
can verify, by injecting Egs. (2.8) and (2.9) in Eqs. (2.2)
and (2.3), that in fact F~! [q%]
Green function v of the 2D bilaplacian, satisfying

can be replaced by any

AAY(r) = 6(r) (2.10)
where 0(r) is the Dirac distribution. The classic solution
of this partial differential equation reads:

2

v = (5) + o)

o . (2.11)
where the first term on the right hand-side is a partic-
ular solution of Equation (2.10) and ¢(r) is any bihar-
monic function, i.e., satisfying AA@(r) = 0, also known
as a Michell solution when expressed in polar coordi-
nates [21].

Considering for simplicity and without loss of gener-
ality at this stage, a force F = F,e, along the z axis,
Egs. (2.8) and (2.9) become:

) = =14 2) (L) g wte) 42t )
(2.12)
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2 07
0yox

uy(r) = fo(l+v) (r) (2.13)

In the case of interest where the size a of the system is
finite, imposing the fixed boundary condition where the
in-plane displacement uj (a,f) = 0, and identifying the
adequate Michell solution ¢(r, 6), we show in Appendix
B that:

u(r,0) = —wﬁ {(T>2 — 1] cosf e,

8 (v —3) a
+(V;T1(3/2(_V3—’)_5)fm {(Z)z — 1] sin 0 ey
+(1/—3L(T1/+1)frln

T
(&) ey (2.14)
The displacement at the membrane boundary » = a
vanishes, as required. For any longitudinal point force
F|;, now not necessarily parallel to e, this propagator
can now be written

wy(r) = - LD Gr 1) [(T)Q - 1} fj-r_

8r(v—3) a/ r2
e oy e
+% In (2)§ (2.15)

where f| = F||/(Ee).

Those boundary conditions come from our assump-
tion that the system is circular and clamped. For a rect-
angular system, the calculations would become more
involved and we would have to appeal to the general-
ized Michell solution [21], which goes beyond the scope
of the present work.

To finish with, note that to get rid of the non-physical
logarithmic divergence at r = 0, we can more realisti-
cally not take a point loading where P (r) = Fd(r),
but a homogeneous pressure field of intensity F)/ (mb?)
on a small disk D(O, b) of radius b < a, centered at the
origin O. Considering again a force along e, without
loss of generality, the resulting displacement of the disk
center at r = 0, also along e, by symmetry, reads

1
u),(0) = ) /D(O ) d’rg u (0 -ro) (2.16)

M e 3)

+% [2 In (Z) _ 1] } e, (2.17)

where we have assumed that the propagator (2.15) is
unchanged (at leading order) when the longitudinal
force is applied at a point r( just next to the origin, i.e.,
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lro]] < b < a (see end of Sect. 2.4). Since b < a, the dis-
placement of the origin is dominated by the last term in
this expression. It is thus proportional to In(b/a), which
regularizes the divergence.

2.3 Adding the uniform longitudinal tension

We consider again a uniform residual frame tension T,
for a 2D membrane. In absence of any loading, Hooke’s
law gives [19]:

L 0 v_.o —
Tap = 115 (uaﬁ + 1_2yuw5aﬁ> =T
(2.18)

where 045 is the o, § € {z,y} component of the stress

tensor o, dng is the Kronecker symbol, and ugﬁ is the
component of the deformation tensor, defined by:

0o _ L1 (0 0
Y86 =519 T Ba

Because the tension is uniform within the membrane,
we have ugy =0 and

(2.19)

o o  (A+v)(d-2v) |
Umz—uyy—TT:T

(2.20)
We finally obtain the isotropic in-plane displacement
by integrating these expressions:

0
a

Uy, =T (2.21)
that is to say u’(r) = 7r, the expected uniform mem-
brane deformation. Because we work at small deforma-
tions and we neglect the higher orders, we assume that
considering at the same time a loading point and the
uniform frame tension is equivalent to adding the load-
ing point contribution to a membrane already stressed
by tension. Then if a is considered as the membrane
radius when it is already under tension, as is the case
in experiments, it eventually allows us not to explicitly
take into account the frame tension in the longitudinal
displacement (2.15), contrary to the transverse loading
above.

2.4 Membrane under any pressure field P applied
close to the membrane center

For a 3D point force applied at the center of a circular
membrane of radius a, with tension 7, the total dis-
placement field u(r) is thus the linear combination of
longitudinal and vertical deflections in Eqs. (2.1) and
(2.15) as:

(v+1)2(3v — 1) [(r>2 B 1} or

8m(v —3) a r2

) (r) = —
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Xr

e oy
& N

- 6a2(1—1?)
uy(r) = fz%

[ 1)
Ko (k) — Ko (’Z) “In (2)}

where we recall that k = a./Z. In practice, a*/(e*k?) >
1 (see below) so that u) will appear to be a subdomi-
nant correction to u,. In tensor notation, these relations
become

(2.22)

Ug = Gaﬁfﬁ (2.23)
where we use the Einstein summation notation for the
space coordinates, now with «,8 € {z,y,z}, and we

introduce the second-order propagator tensor G defined
by Egs. (2.22). Working at the linear order thus allows
us to uncouple the vertical displacement, function of
vertical loading only, and the longitudinal displace-
ment, function of longitudinal loading only.

In principle, these propagators have been calculated
for a point loading at the exact center of the membrane.
We show in Appendix C that at dominant order, they
are still valid for any point force exerted close to the
membrane center.

For any pressure field P(r) exerted close to the mem-
brane center, on a region much smaller than its radius
a, we can thus write:

Uy = Gop * P (2.24)

where * is the convolution product between the prop-
agator G,g of the deformation, defined through Equa-
tions (2.22) and the 3D pressure field.

3 Inverse problem: Finding the 3D pressure
field by knowing only the height of the
deformation

In experimental AFM measurements, we have in
general only access to the information on the one-
dimensional height of the deformation h(r) [16,22,23],
whereas the pressure field exerted by the cell on the sub-
strate is three-dimensional. Here, we propose a strat-
egy to solve this apparent issue, inspired from Refer-
ence [23].

For any displacement field uj, the height field h sat-
isfies

h(r +u)(r)) = u.(r) (3.1)
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r r+u)(r) z,y

Fig. 2 The height function h (graph in green) results from
the linear combination of the 2D longitudinal component
u) and the transverse one u. (both in blue) of the total
deformation field u at any point r of the membrane. This
translates into Equation (3.1)

everywhere, as illustrated in Fig.2. We use the first-
order approximation
h(r) ~ u.(r) — u(r) - Vh(r) (3.2)

By injecting Equation (2.24) in Equation (3.2), we
get for any r

) = 2 (6) = a(r) 51 (6) =y 1) 5 () (33)

= Ho(r)(Gap * Ps)(r) (3.4)

where we introduce the first-order tensor H(r) =

_% (I‘), _%Z
sured deflection h(r) as a linear combination of the
(unknown) 3D components of the pressure field P(r),
formally:

(r),l). We can finally write the mea-

h(r) = H,(r) /R2 d*r'Gop(r — ') Ps(r') (3.5)

3.1 Discretization

In experiments, one only has access to a discrete infor-
mation, the height function h being measured on each
pixel of index k in the 2D image. We discretize the
Region of Interest (ROI, Fig. 1) where the height field
h is measured on N square pixels of side length ¢. We
denote by N. < N the number of pixels where the cell
dwells (called the “cell support” thereafter, and denoted
by S). Equation (3.5) becomes:

Wt = HECD " GLEP, (3.6)

where the longitudinal propagator is regularized at
r = 0 according to Equation (2.17) with b = £/2. The
discrete partial derivatives of h appearing in the H* are
calculated from the measured height function h using
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a symmetric derivative scheme involving two nearest
neighbor pixels.

Since the pressure field has to vanish outside the cell
support, where there is no contact between the cell and
the support and since cells can only apply forces at
contact [24], we look in principle for solutions for the
3 components of the pressure field for each of the N,
support pixels, with N linear constraints ensuing from
the N values of h on each pixel of the whole system.
There are thus 3 cases:

e N > 3N,.: There are more equations than unknowns
and consequently no exact solution.

e N = 3N,: There are as many unknowns as equations
and consequently one solution.

e N < 3N.: There are more unknowns than equa-
tions and consequently an infinite number of solu-
tions forming an affine subspace of R3¢,

Except in the marginal case N = 3N, the problem is
either overdetermined or underdetermined. Following
Reference [23], we are led to adopt an alternative opti-
mization strategy, where some function of the (discrete)
pressure field P will be minimized, subject to the con-
straints (3.6) ensuing from the measured height field,
with the help of Lagrange multipliers.

3.2 Optimization problem

We first determine the function that will be minimized,
sum of two terms. First, since we cannot impose any-
more that forces vanish outside the cell support S,
we seek to minimize the quadratic force excess outside

S [23]
> PP

i€ROI\S

R[P] = (3.7)

where ROI still denotes the Region of Interest where
the displacement field h is measured.

In addition, as also discussed in Reference [23], the
stability of the numerical method requires to use a low-
pass filter to avoid rapid spatial fluctuations of the
inferred pressure field exerted by the cell. We therefore
seek to minimize concomitantly the second quadratic

form
> P P
(i,j)ES

QP] = (3.8)

for nearest neighbor pixels in S, which enforces the
pressure field to vary smoothly. R and ) cannot be
minimized independently because the support and non-
support forces are linked through the constraints. This
is why we are led to combine them in a unique cost func-
tion [23] T'[P] = R[P] + wQ[P]. The weight w, setting
the relative contributions of both quadratic forms in the
cost function, will be determined empirically below.
The minimization is performed under two kinds of
linear constraints. Firstly, as stated in Equation (3.6),
the measured height field A must coincide everywhere
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with the one induced by the pressure field: in the dis-
crete formulation, for any pixel k of the ROI,

W = HECS " GLEPy = ColP, K] (3.9)

Secondly, in the specific case of an immobile cell
adhering to the substrate without any contact with the
external world except through the elastic membrane —
but not for a migrating cell experiencing viscous drag —
, ignoring gravity forces (in the pN range for a cell in
water), the total force that it exerts on the substrate
must vanish [24]:

0=> P;=Cy[P]|

i€S

(3.10)

Note that in this case, the cell generically acts in first
approximation as a force dipole, except for an idealized
system possessing specific symmetries.

The function of the pressure field to be minimized is

FP]=T[P]— > MGCo[P,k]—p-Ci[P] (3.11)
keROI

where we have introduced the scalar Lagrange multi-
pliers Ay enforcing the constraints (3.9) on each pixel k
of the ROI and the 3D one p enforcing the zero-force
condition (3.10).

Deriving F[P] with respect to the pressure field com-
ponents and the Lagrange multipliers, one obtains the
following linear system of 4N + 3 equations with 4N 43
unknowns: 3N values of P¥, N values of A and the three
coordinates of p.

2P;ifi ¢S ) -
2 (uin - Yjev, Pg) ifies } = Hat Zk:’\’“Gaﬁ e
(3.12)
W = Hot* Y GLEP; (3.13)
Z P! =0 for an immobile cell (3.14)

7

where V; is the set of neighbors in S of the pixel i and
v; their number. Solving this linear system solves the
inverse problem. The resulting (4N + 3) x (4N + 3)
linear system (15879 x 15879 in the examples below)
is solved numerically using the linalg.solve routine
from the NumPy linear algebra module, which relies on
the LAPACK routine gesv implementing an LU decom-
position with partial pivoting [25].

3.3 lllustrative examples
Now we present some practical examples in the T-cell
synapse context to illustrate the above strategy and

test its range of validity. To quantify its ability to solve
the inverse problem, we apply a realistic, known 3D
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Table 1 Model parameters. {: values from Reference [16]
for AFM experiments on a Formvar membrane. Formvar
membranes of thickness 5 nm are commercially available. §:
see text

Parameter Description Value

2a Size of the membrane! 100 pm

E Young’s Modulus' 2.3 GPa

e Membrane thickness 5 nm

0 Residual bulk tension? 100 Pa

T = Tp€ Residual surface 0.5 uN/m
tension

v Poisson’s ratio 0.33

K= 12(?23;2) Membrane bending 2.7 x 10717
modulus

k= a\/g Inverse correlation 6.8
length

F. tot Fj tot Force compomentsi 10 nN

pressure field to deform the membrane by first apply-
ing the in-plane force at the center of each pixel and
then applying the out-of-plane force at the resulting
displaced position to determine the deformation height,
in accordance with Eq. (3.1). We then solve the inverse
problem to reconstruct the pressure field in order to
compare it to the initially applied one.

Since we will realize below that the most delicate
part of the inverse problem is the reconstruction of the
longitudinal field, we introduce the two following quan-
tities in order to compare the longitudinal applied and
reconstructed fields on the cell support S, respectively,

denoted by P"ﬁpp and P}, both vectors of R2Ne: the

ratio of their Euclidean norms in R2Me and the scalar
product of these vectors after being normalized:

Pyl 3.15)
o @
Papp Prec
I I (3.16)

c= .
[P [Py

Here, the vectors P are understood as vectors the coor-
dinates of which are given by the 2N, coordinates of the
two-dimensional vectors PTI on the N, support pixels.

If we were able to exactly solve the inverse problem,
we would find p = ¢ = 1. Conversely, in Appendix D,
we demonstrate that if the reconstructed vector was
random, we would find ¢ ~ 1/4/2N, < 1.

In the following examples, we assume that the cell,
of radius R = 5 um (the typical size of a T-cell [26]),
is situated close to the center of the elastic membrane
(Fig.1). The ROI, chosen a square of side L = 15 um,
is much smaller than the elastic membrane of diameter
2a = 100 pm. We use a discretization of the ROI by
N = 63 x 63 pixels of size { = L/63 ~ 0.24 pm. The
other model parameters are given in Table 1.
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api
papp

cell position + P

Fig. 3 Ideal T-cell synapse. Pressure field P exerted by
the cell at the synapse. Top-left: applied transverse pressure
field P.(r) with F. it = 10 nN. Top-right: reconstructed
transverse pressure field. Bottom-left: applied longitudinal
pressure field Py(r)e, with Fj i = 10 nN. Bottom-right:
reconstructed longitudinal pressure field. In the bottom fig-

3.3.1 Ideal T-cell synapse

We begin with an ideal T-cell synapse with axial sym-
metry. Its boundary is circular and the pressure field
has the form P = P,(r)e. + Pj(r)e, inside the immuno-
logical synapse, as illustrated in Fig. 3. The functional
forms of P, (r) and P(r) are chosen as follows. First, the
net force must vanish for an immobile cell, as explained
above. This is satisfied for any radial longitudinal pres-
sure field Pjj(r)e,. As for the transverse one, we know
from experiments [23] that the T-cell pushes in the
center of the immunological synapse. Consequently, it
pulls in its periphery so that the total force vanishes.
The chosen functional form to mimic these features
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PZ

r—100

F—200

r—300

Pa

L —400

-500

—-600

—700
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Pa

F 60

40
20

-6 -4 -2 0 2 4 6 0
ures, the direction of the force is indicated by the arrow and
its intensity by the color map. The square ROI side length
is L = 15 pm. It is discretized in N = 63 x 63 pixels. The
T-cell synapse radius is R = 5 pum. The coordinates on the
axes are given in pm. The color maps give the local pressure
in Pa

.2 (r—ry)?
is P.(r) = —Aje *1 + Age 272
P.(r)=0ifr > R).

The longitudinal pressure field Pj(r) ensues from
the centripetal cellular actin flow close to the T-cell
synapse [5]. The actin flow drags the integrins ensuring
the cohesion of the synapse, which results in a friction
force exerted on the substrate locally proportional to
the actin velocity in the linear regime [27]. The cen-
tripetal actin flow in this axisymmetric case being radial
and its velocity having been predicted theoretically [28]
and measured experimentally [29] to be proportional to
r, we therefore assume that Pj(r) = —Fyr for r < R,
in qualitative agreement with experimental data [26].

The above non-negative constants Ay, As, 01, 02, 12
and Py characterizing the pressure field are set by its

for r < R (and
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total intensity, that we define as the integral of the norm
of the pressure field exerted by the cell on its support:

P = [ @R =3[P @7
S i€s

Flao = [ Py = £ 3 [PjI - (.19
S i€s

expressed here both in the continuous and discrete ver-
sions. Below we will use the realistic reference value
Fjj 1ot = 10 nN [3,8], corresponding to an average pres-

sure of 10 nN/mR? ~ 100 Pa, a typical longitudinal
pressure exerted by a T-cell on a rigid substrate [15]. In
addition, it has been measured by an alternative trac-
tion force microscopy technique relying on dispersed
marker beads that local longitudinal and transverse
forces are comparable in Jurkat T-cells [17]. Therefore
we also use the value F ¢ = 10 nN. This led us to
the following choice of parameter values: A; = 50,
Ay = 7776, o1 = R/4, 02 = R/8, o = R/5 and
Py =0.5.

To calibrate the value of the weight w setting the rel-
ative contributions of the two quadratic forms in the
cost function I'[A], we look for the value that optimizes
the compromise between the correct orientation and
magnitude of the reconstructed forces. Once this value
w = 200 is set empirically for the ideal synapse [17], we
keep it for the more realistic ones below. It depends on
the model parameters.

As illustrated in Fig.3, the reconstructed pressure
field reproduces correctly the applied one. The domi-
nant source of the membrane deformation field h being
the transverse pressure P,, the reconstructed transverse
field reproduces very well the applied one (Fig.3, top
row). As far as the longitudinal pressure field is con-
cerned, one recovers its axial symmetry as well the pro-
portionality of P to r. Consistently, we find the very
good value ¢ ~ 0.9995. In contrast, we find p ~ 0.58,
meaning that the magnitude of the force field is about
58 % of the applied one, which reflects that the trans-
verse field being a first-order correction to h, it is less
efficaciously reconstructed. We shall return to this point
in the Discussion and propose a practical way to com-
pensate for this effect.

3.3.2 Robustness with respect to AFM noise

In the previous example, we have assumed that the
AFM is able to measure with a great accuracy the
height field h. However, AFM resolution is limited in
practice, below the nanometer scale [30]. To validate
our approach in a more realistic context, we add a ran-
dom noise £(r) to h(r) on the whole ROI before solv-
ing the inverse problem. We choose a correlated noise
of maximum amplitude +1 nm, obtained by filtering a
white noise by a spatial Gaussian filter with a standard
deviation of 2.5 ym. An example is displayed in Fig. 4.

In this case, ¢ >~ 0.9994 and p =~ 0.59, as above.
The reconstructed pressure field remains close to the
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applied one in spite of the AFM noise. From now, such
an AFM noise with the same characteristics is system-
atically taken into account.

Since the intensity of the pressure exerted by the
T-cell depends on the substrate rigidity [7,12,15], we
also tested a 5-fold weaker longitudinal pressure field
such that Fj io; = 2 nN. The qualitative conclusions
remain unchanged and the quantitative indicators read
¢~ 0.97 and p ~ 0.26.

3.3.3 More realistic T-cell synapses

Even though it retains some axial symmetry character
on average, a real immunological synapse is not per-
fectly circular, nor does it exert a perfectly axisymmet-
ric pressure field [5,13,26].

For this reason, we first design a non-circular cell
support S, the boundary of which is defined in polar
coordinates as a constant plus some Fourier modes of
random intensity as

Mmodes
’,”(0) — R <1 + CnOlSe

Nmodes k

{ak cos(k0) + by, sin(k:&)}
=1

(3.19)
where R is the mean radius, Cise = 0.1 controls the
amplitude of the shape fluctuations, and ay, by are
random Fourier coefficients distributed according to a
Gaussian distribution with mean 0 and standard devia-
tion 1, for nmoedes = 6. We make sure that the net force
still vanishes in spite of this modification by subtract-
ing to each pixel the average residual force (i.e. the total
force divided by the number of support pixels, that no
longer vanishes if the boundary is no longer circular).

The longitudinal applied and reconstructed pressure
fields are displayed in Fig.5, again showing the good
efficacy of our approach, even in the non-symmetric
immunological synapse case. Nonetheless, one can notice
that some fine features of the applied field are not
faithfully restored, notably the width of the annulus of
strong pressures (in red) can be locally somewhat mis-
estimated. However, the quantitative indicators read
p =~ 0.60 and ¢ ~ 0.997, again comparable to the previ-
ous ones.

In addition to this, we now add some noise on the
force field itself to take into account the fact that the
pressure exerted by the cell is nor uniform at the single
cell level [26]. This random noise is generated as follows:
a white noise field is first created over the ROI, for both
x and y components of the force field, then convolved
with a spatial Gaussian filter with a width of 2.5 pm,
according to [23,26]. The resulting noise is scaled by
an amplitude of P(r) (resp. |P.(r)|), meaning that the
fluctuations range from — Py (r) to P(r) (resp. —|P.(r)]
to | P, (r)]) relatively to the local force field. The average
residual force (i.e., the total force divided by the num-
ber of points) is again subtracted from each force com-
ponent, to ensure that the sum of all forces is still zero.
Figure 6 illustrates the corresponding pressure patterns
(see also Appendix E for a different representation of a
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noise map
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Fig. 4 Left: Example of correlated AFM noise map. It is added to the height field h before solving the inverse problem.
Right: longitudinal pressure field reconstructed from the new height field. The applied pressure field is the same as in Fig. 3.
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Fig. 5 More realistic T-cell synapse with an irregular boundary. Left: applied longitudinal pressure field Pj(r)e,. Right:
reconstructed pressure field. Same parameter values as in Fig. 3

different example). Again, the transverse pressure field
is satisfactorily reconstructed whereas the longitudinal
one is shrunk by a factor p ~ 0.55; ¢ >~ 0.94 is again
close to 1, indicating that the non-homogeneous longi-
tudinal pressure field is correctly reconstructed up to
the scaling factor p (see Discussion).

We ensured that varying the random seed, 5 to 10
times for each situation, had no significant impact on
the accuracy of the results.

4 Conclusion and discussion

An adherent cell such as a T-cell forming a synapse
exerts a 3D pressure field on a substrate, where trans-
verse and longitudinal components have been observed
to have the same order of magnitude. After deriving

the deformation of an elastic membrane undergoing a
3D pressure field exerted close to its center by such a
cell at the level of its immunological synapse, we have
demonstrated that it is possible to reconstruct this 3D
pressure field P(r) from the measurement of the sole
height h(r) of the membrane, a scalar field. To circum-
vent the fact that the ensuing system of linear equation
is either overdetermined or underdetermined depending
on the size of the ROI, we have opted for a formulation
in terms of an optimization problem, in the spirit of
Reference [23].

As compared to this anterior work [23], where the
elasticity problem is solved numerically through a
finite-element formulation of the (linear) elastic energy
introduced as an additional term in the cost function,
we analytically solve the elastic problem a priori. Even
thought it is only an approximation, we have worked at

@ Springer
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Fig. 6 T-cell synapse with an irregular boundary and a
non-axisymmetric pressure field. Top-left: applied trans-
verse pressure field P (r). Top-right: reconstructed trans-

the linear order to be able to benefit from the super-
position principle of the linear theory of elasticity. We
shall return to this point below.

Even though we have used the Young modulus of For-
mvar in our examples because Formvar is the polymer
used to make the membrane in the experiments of Ref-
erence [16], we have been led to use a significantly lower
value of the residual bulk tension 7y to be able to recover
the order of magnitude of the longitudinal pressure
field from the measurement of the height field, which
indicates that Formvar is probably not the appropriate
material for the applicability of our approach to the
case of T-cells. T-cells are small cells exerting a moder-
ate force at the immunological synapse level; for larger
cells exerting significantly stronger forces, a material
with higher residual tension might be appropriate. For
example, for a cell of radius R = 25 ym [31] exerting
total longitudinal and transverse forces of 300 nN [32],
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verse pressure field. Bottom-left: applied longitudinal pres-
sure field Pj(r). Bottom-right: reconstructed longitudinal
pressure field. Same parameters as in Fig. 3

modeling a larger adherent cell such as a fibroblast, we
find p ~ 0.53 with a membrane of residual bulk tension
70 = 103 Pa (in the axisymmetric case).

Using a larger residual tension leads to a less favor-
able ratio p of the reconstructed-to-applied longitudi-
nal pressures. For example, we have reproduced the
calculations of Sect. 3.3 with a 10-fold stronger tension
(7o = 103 Pa) and observed that the value p decreased
from ~ 0.6 to ~ 0.3 to 0.4 (¢ remaining very close to
1). The reason for this shrinking of the reconstructed
longitudinal pressure comes from the quadratic form
Q[P] defined in Equation (3.8) that we aim to minimize.
Once the angles between the nearest neighbor forces Pﬁ

and Pﬂ has been optimized, minimizing @ further is

possible by reducing the intensity of the Pﬁ. Since the

effect of the longitudinal pressure on the height field
h is only a correction to the main effect of the trans-
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Fig. 7 T-cell synapse with an irregular boundary and an
axisymmetric pressure field. Left: applied longitudinal pres-
sure field Pj(r)e,. Right: reconstructed pressure field, mul-

verse one P,, shrinking the P"‘| can be compensated by

a slight modulation of the P¢. The same effect has been
observed in Reference [23], where a ratio p ~ 0.6 was
also found. By contrast, P, is not shrunk because it is
the main factor contributing to h.

The fact that the shrinking of P| depends on the
residual tension of the membrane is explained as fol-
lows: Larger tension 7y implies smaller gradient of h:
in Equation (3.2), the consequence of shrinking P'ﬁ is
reduced. Weaker gradients of h reduce the sensitivity
to Pﬁ.

Another parameter with which one can play is the
material Young modulus F. Its role is two-fold: it con-
trols the longitudinal displacement u); through the char-

acteristic length f); the longitudinal displacement is
thus inversely proportional to E' and reducing E should
increase the sensibility of the method to the longitu-
dinal pressure field. In contrast, E enters the inverse
Helfrich correlation length k o E~'/2. Reducing F
increases k (thus reduces the correlation length) and
reduces the range of the Bessel functions in u,. It results
that the deformation profile h is more peaked around
the origin and is thus less sensible to the longitudinal
deformation field uj away from the cell support. This
reduces in turn the sensibility of the method to the
longitudinal pressure field. Consequently, an optimal
choice of F must be found to balance these contradic-
tory trends. As an example, for total forces of 10 nN and
a residual bulk tension 7y = 1000Pa, a ten-fold weaker
Young’s modulus E = 2.3 x 108 Pa increases again the
ratio p to about 0.52 (see Appendix E). These con-
siderations show that the elastic membrane mechanical
parameters ought to be optimized by our method prior
to the experiments.

Even though this shrinking of the longitudinal field
is at first sight a weakness of our approach, we are able
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values are the same as in Fig. 3, except that the residual
bulk tension was set to 79 = 1000 Pa

to anticipate this effect by the numerical calculation
of p. Up to this effect, the main features of the pres-
sure field are preserved so that the original longitudi-
nal pressure field can essentially be recovered by multi-
plying the reconstructed one by a global scaling factor
1/p, as shown in Fig.7. The value of p can easily be
benchmarked by our approach for a given set of mate-
rial parameters and forces, as long as p is not too small.
The shrinking of P can thus be compensated for in a
practical way.

To finish with, we need to discuss the small-gradient
approximation used to calculate the propagator u, in
Sect. 2.1. As discussed above, the transverse deforma-
tion h required to reconstruct the pressure field has to
be large enough. In practice, it has the same order of
magnitude in our examples as the membrane diame-
ter 2a, beyond the linear regime [33]. It ensues that in
the experimental context, the transverse pressure field
reconstructed from the measurement of h by AFM will
only be a rough approximation of the true one, even
though it will retain its principal features and correct
orders of magnitude. Going beyond this small-gradient
approximation would require more sophisticated ana-
lytical approaches or numerical ones, beyond the scope
of the present proof-of-concept study.

By contrast, the longitudinal pressure field is recon-
structed, through Equation (3.3), from the gradient of
h, derived from the measured height field h indepen-
dently on the propagator u,. Consequently, its recon-
struction should not suffer significantly from the rela-
tive validity of the small gradient of i approximation.
To reconstruct the whole 3D pressure field P on the
ROI, an option would then be to minimize the cost
function I numerically, for example by using a gradient
descent or a simulated annealing algorithm, in the sub-
space of R* defined by the N +3 constraints (3.9) and
(3.10), in which the membrane deformation u, would be
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calculated numerically at each iteration. This question
ought to be explored in future studies.
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Appendices

A Deflection of a circular membrane under
tension by a transverse point loading

The deflection along the z direction of a circular membrane
of radius a, for a transverse point loading P, = F.4(r)
at its center O at r = 0, parallel to the membrane axis
of symmetry (Fig. 1, Bottom), satisfies, for small gradients
IVu.|| < 1, the ordinary differential equation [22,33]:

a‘iermw 1 1 F,
or2 " ror 27 k2mr

where 1(r) is the small angle between the normal to the
deflection and the axis of symmetry of the membrane (Oz),
defined for small gradients as:

(A1)

ou
== A2
v(r) = -2 (A.2)
where u.(r) is the deflection of the membrane, r = |[r|| =
v x? +y? is the distance to the center O, Kk = %

is the bending rigidity with E the Young modulus, e the
membrane thickness and v the Poisson ratio [19]. The term
on the right hand side, %, is the shearing force per unit
length.

A key factor influencing the membrane deformation is the
residual tension within the membrane, inherent to the mate-
rial fabrication process [22]. When the membrane undergoes
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a uniform frame tension 7 > 0, the shearing force becomes

£2 _74(r) and the equation (A.1) becomes the Bessel equa-
tion [18]:

Py 19y (K1 1 F,

o Y rar (;2 * *) V=i (A3

where k = a\/z is the dimensionless inverse Helfrich cor-
relation length [20]. This differential equation can also be
derived from the minimization of the Helfrich free energy
of a membrane under tension in the small-gradient approx-
imation [34,35].

If the membrane is clamped at its edges, i.e. uz(a) = 0
and agf |r=« = 0, as assumed here, the general solution for
u. = — [pdr is [20]:

= £ (0 - (1)
+ (Ko(k) ~ Ko (%)) —In (2)} (A.4)

where I,, and K, are respectively modified Bessel functions
of first and second kind of order n [18]. At r = 0, Ko(r)
diverges logarithmically but the divergence is canceled by
the logarithm and

F.a®
us(0) = To—g(k) (A.5)
where
009 = 5 { (nw - 1 ) =D o (o1 () )
(A-6)

~ is Euler’s constant and g(k) represents the contribution
of the tension to the vertical deflection. Indeed when 7 =
0, g(0) = 1 and one recovers the solution at » = 0 for a

tensionless membrane u(0) = fg:i [33]. In the other limit

k > 1, in practice as soon as k > 5, g(k) ~ 8In(k)/k?, so
that

w(0) = L=

T 2T

Ink (A7)

B Boundary condition under longitudinal
loading

When a local longitudinal force F | is applied at the cen-
ter O of a circular membrane of radius a, the biharmonic
function ¢ (i.e. respecting AA@(r) = 0) in Equation (2.11)
can be chosen so that the displacement u) (r) vanishes when
Ir]l = a. Indeed, in polar coordinates, biharmonic functions
¢ leading to regular displacements at the origin are a lin-
ear combination of the functions [21] ¢n »(7,0) = cos(nd) r?
with n > 0 and p = n or p = n + 2, and the same functions
where the cos is replaced by a sin.

By writing in polar coordinates the displacement u(r,6)
associated with the first functions ¢, ,, one finds that the
following function

o) = {0 (2)
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+ —(S(I/Vitlg) cos(20) + 2%1 cos(49)} (2)4} (B.1)

satisfies the fixed boundary condition. The displacement
given in the main text derives from this biharmonic func-
tion.

C Force applied close to the membrane
center

We first show that if the longitudinal force F is applied
close to the center, at a point ro such that ||ro||/a < 1, then
the displacement Equation (2.15) is unchanged at leading

order, up to a shift:
u”(r) = G”(I‘—I‘o) (C].)

where we have introduced the propagator (Equation (2.15))
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Fig. 8 T-cell synapse with an irregular boundary and an
non-axisymmetric pressure field. Top-left: applied longitu-
dinal pressure field PiPP. Top-right: applied longitudinal
pressure field P;PP. Bottom-left: reconstructed longitudinal
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LD [y B

8m(v — 3) a r
P, (T, (C.2)

Indeed, applying the force at ro amonts to shift the
whole system by —rp and to apply the force at the ori-
gin O. In polar coordinates, the boundary circle now writes
7(0) = a —ro cos(§ — bo) at first order in 2, where 6 is the
polar angle of ro. Since the force is applied at the origin, we
must simply check that u(r) given in Equation (2.15) still
vanishes on the new boundary r(6). We demonstrate that

this is true at dominant order in the two infinitesimals w

and “2: Replacing r by 7(6) in Equation (C.2), and expand-
ing again the expression at order one in “2, one is only left
with terms of order 2, in " ||f}||. Shifting again the system
by +ro to bring back the point of application of F to its
original position eventually leads to relation (C.1).

The same approach can be followed to show that the prop-
agator G, defined through u. in Equation (A.3) can be used
in a similar way when the point of application of the trans-

app
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pressure field P;°° Bottom-right: reconstructed longitudi-
nal pressure field P,°°. Same parameter values as in Fig.3
except that the residual bulk tension was set to 7o = 1000 Pa
and the Young modulus to £ = 2.3 x 10® Pa
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verse force F', is at a distance 79 < a from the membrane
center.

D Scalar product between random unitary
vectors of R¢

Let u be a fixed unitary vector of R, chosen as a base vector,
u = e, without loss of generality. Let x be another vector
of R%, not necessarily unitary, the coordinated of which are
d independent Gaussian random variables of zero mean and
standard deviation s, and u’ = x/||x||. We demonstrate that
u-u ~1/Vd.

Indeed (||x||?) = d 5%, and when d is large, ||x||? is peaked
around this mean value so that ||x||> ~ d s*. Consequently,
uu ~x- el/(sx/a), Now, x - e; being a coordinate of x, it
is a Gaussian random variables of zero mean and standard
deviation s. Thus the standard deviation of u-u’, setting its
order of magnitude, is s/(sv/d) = 1/v/d. This prediction has
been successfully tested numerically with excellent accuracy.

E Noise on the longitudinal pressure field

To derive the non-axisymmetric pressure field and simulate
a more realistic T-cell synapse, we add an independent noise
to both the z and y components of P = P.e, + Pye,.
The noise is implemented as a white noise convolved with a
Gaussian filter of width 2.5um, and it is scaled relatively to
the local force field, allowing fluctuations of up to +P(r),
as shown in Fig. 8.

The reconstructed field is more regular than the applied
one because of the quadratic form @ in the cost function.

The same procedure is applied to P..
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