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Abstract
Motivation: Differentiable programming frameworks like PyTorch and JAX revolutionized biological modeling. A foremost merit is that multiple 
components programmed separately can be put together so that the parameters are jointly optimized. Despite its proven value in agricultural 
applications, existing breeding simulators are non-differentiable, hindering integration into general deep learning systems.
Results: In this paper, we present DiffBreed, a differentiable breeding simulator. Its performance was evaluated in gradient-based optimization 
of a progeny allocation strategy that maximizes the genetic gain. By utilizing gradient-based optimization, DiffBreed refined progeny allocation 
strategies, achieving superior genetic gains compared to a non-optimized equal allocation approach. These findings highlight DiffBreed’s 
capacity to properly calculate gradient information through automatic differentiation. With its innovative design, DiffBreed is expected to trans
form future breeding optimization by integrating into modern deep learning workflows.
Availability and implementation: The proposed automatic differentiation framework was implemented as the Python module “DiffBreed.” 
This module and all the scripts used in this study, including the gradient-based optimization, are available from the “KosukeHamazaki/GORA- 
PT” repository on GitHub, https://github.com/KosukeHamazaki/GORA-PT. While the simulated datasets in the present study are available from 
the same repository, the optimized results by PyTorch were not shared in this repository due to the file sizes. Instead, all datasets, including the 
optimized ones, will be shared in the repository on Zenodo, https://doi.org/10.5281/zenodo.14046522.

1 Introduction
In recent years, machine learning and optimization techniques 
have transformed numerous fields by providing efficient solu
tions to complex problems. Similarly, in plant breeding, these 
techniques have become increasingly important for enhancing 
breeding strategies through more systematic approaches. 
Breeding simulators, such as AlphaSimR (Gaynor et al. 2021), 
PyBrOpS (Shrote and Thompson 2024), and breedSimulatR 
(https://github.com/ut-biomet/breedSimulatR), serve as valua
ble tools that approximate real breeding schemes and help 
optimize these strategies in virtual environments. These simu
lators implement selection and mating steps that generate new 
populations from previous ones, effectively mimicking the 
gradual improvement of genetic merit in breeding populations 
(Fig. 1). Through iterative selection and mating processes, 
these simulators allow researchers to predict and evaluate the 
effectiveness of different breeding approaches without the time 
constraints of physical breeding cycles.

Since genetic merit is directly influenced by selection and 
mating decisions, researchers have begun exploring various 
simulator-oriented optimization methods. However, this 

optimization faces a significant challenge: focusing solely on 
selecting superior individuals inevitably reduces genetic diver
sity over generations, causing long-term improvement to pla
teau. To overcome this problem, optimal contribution 
selection (Meuwissen 1997) focuses on balancing genetic 
gain and diversity by optimizing individual contributions to 
the next generation. Another approach, look-ahead selection 
(Moeinizade et al. 2019), anticipates potential breeding out
comes to make better crossing decisions under simplified 
assumptions. Beyond these approaches, research has explored 
other optimization techniques, including the branch-and- 
bound method (Hunter and McClosky 2016), integer pro
gramming (Sakurai et al. 2024), Bayesian optimization 
(Hamazaki and Iwata 2022, Diot and Iwata 2022, Jannink 
et al. 2023), and reinforcement learning (Moeinizade et al. 
2022), to determine appropriate breeding strategies and plan
ning. These studies have been driven by various breeding sim
ulators, such as AlphaSimR (Gaynor et al. 2021), PyBrOpS 
(Shrote and Thompson 2024), and breedSimulatR, which 
have enabled researchers to evaluate specific breeding strat
egies. Hamazaki and Iwata (2024) advanced this area by 
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optimizing progeny allocation strategies through a combina
tion of future-oriented breeding simulations and black-box 
optimization. They conceptualized the breeding scheme as a 
black-box function, with parameters related to progeny allo
cation as inputs and the final genetic gains as outputs, and 
applied a black-box optimization technique called StoSOO to 
optimize it (Valko et al. 2013). Their method provided a flex
ible framework capable of handling complex breeding 
schemes without restrictive assumptions by allowing custom
izable breeding simulation settings.

However, traditional simulators used for optimizing breed
ing strategies are non-differentiable, which limits flexible opti
mization when managing large-scale breeding schemes or 
optimizing multiple breeding aspects simultaneously. Non- 
differentiable simulators cannot effectively leverage gradient- 
based optimization, resulting in slower convergence and 
reduced performance, while also limiting their versatility in 
handling complex computational models (Baydin et al. 2018). 
Automatic differentiation (AD) has recently emerged as a 
powerful computational method that can replace traditional 
non-differentiable simulators with differentiable alternatives 
(Rall 1981, Griewank and Walther 2008, Baydin et al. 2018). 
AD automatically computes derivatives of complex functions 
defined in computer programs, enabling rapid gradient calcu
lations that significantly accelerate optimization processes. 
This technique has been successfully applied across diverse sci
entific domains, including machine learning (Baydin et al. 
2018), physics (Callejo et al. 2014, Luchnikov et al. 2021), 
chemistry (Tamayo-Mendoza et al. 2018, Yoshikawa and 
Sumita 2022), and biology (AlQuraishi and Sorger 2021, 
Frank 2022). Programming frameworks like TensorFlow 
(Mart�ın Abadi et al. 2015), PyTorch (Paszke et al. 2017), and 
JAX (Bradbury et al. 2021) have facilitated this broad adop
tion by simplifying implementation, which has led to differen
tiable forms increasingly replacing traditional simulators.

Therefore, integrating AD into plant breeding optimization 
offers a promising solution to address the technological gap 
described above. While AD has shown promise in agricul
tural applications, such as crop growth modeling for biomass 
optimization (Lauvernet et al. 2012), it has not yet been 
applied specifically to breeding optimization. Thus, we focus 

on optimizing progeny allocation in breeding schemes 
based on simple recurrent selection, expanding on previous 
optimization frameworks by Hamazaki and Iwata (2024) to 
incorporate gradients derived from AD. Our approach treats 
the entire breeding scheme as a differentiable computational 
graph, enabling efficient optimization through gradient- 
based methods. This framework, DiffBreed, when success
fully implemented, could significantly enhance breeding 
efficiency through the optimization of breeding strategies 
using AD. As discussed in Section 4, this approach ultimately 
aims to enable a more flexible and adaptive breeding frame
work that, in the future, has the potential to contribute to 
sustainable food production as we face global challenges like 
population growth and climate change (Capper 2011).

2 Materials and methods
2.1 Basic idea
2.1.1 Differentiable genetic merit of current population
Let us consider a breeding population consisting of N individ
uals, each represented by a binary vector wi 2 f0;1g

M. Here, 
M¼ 2m where m is the number of markers, and wi represents 
allele scores formed by vertically stacking two haplotypes. 
Now, each individual can be evaluated by a genotypic value 
defined as α>wi, where α 2 R

M is a vector of corresponding 
effects created by duplicating marker effects. We consider the 
problem of sampling n individuals (indexed as z1; . . . ;zn) 
from the population based on a breeding strategy represented 
by a parameter vector θ 2 R

d, i.e., z1; . . . ;zn are sampled from 
a parametric discrete distribution PðzjθÞ. Without loss of gen
erality, z1; . . . ; zn are assumed to be sorted in the descending 
order of the corresponding genotypic value α>wzi . Then, 
when genetic merit of the population F is defined as the mean 
of genotypic values of top K individuals, it will be 

F ¼
1
K

XK

i¼1

α>wzi : (1) 

Genetic merit in this context refers to a case where selec
tion exclusively targets superior individuals. Here, genetic 

Figure 1. Breeding simulators in case of recurrent selection. Breeding simulators approximate breeding schemes that aim to improve the genetic merit 
of a population through iterative selection and mating processes.
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gain can be defined as the difference in genetic merit between 
the initial population and the current population.

To evaluate how the parameter vector θ affects the genetic 
merit of the population F, we compute the derivative @F=@θ 
using the reparameterization trick (Jang et al. 2016, 
Maddison et al. 2017), which enables differentiable sampling 
from target distributions. Here, the selection of superior indi
viduals is inherently a discrete and non-differentiable opera
tion. Thus, by using the Gumbel-Softmax reparameterization 
trick, we replace this discrete selection with a continuous 
approximation. Specifically, when applying this trick, yij 
is sampled from the following Gumbel-Softmax function 
instead of directly sampling zi: 

yij ¼
exp

��
log ðπjÞþ gij

�
=c
�

P
j exp

��
log ðπjÞþ gij

�
=c
� ; (2) 

where πj / Pðz¼ jjθÞ represents the probability that an indi
vidual j will be selected when the parameter of the breeding 
strategy θ is determined, gi1; . . . ;giN are i.i.d. samples drawn 
from Gumbelð0;1Þ, which enables stochastic sampling from 
categorical distributions, and c corresponds to the tempera
ture parameter that balances discreteness and smoothness in 
the sampling process. Note that as c ! 0, yi ¼ ½yi1; . . . ;

yij; . . . ;yiN�
> becomes a one-hot encoded vector (a binary vec

tor containing all zeroes except for a single element being 
one). Then, the sampled allele scores can be approximated as 

wzi �
XN

j¼1

yijwj: (3) 

Since F is ultimately a linear function of yij, we can apply 
the chain rule of calculus throughout the entire computation 
graph, which makes F differentiable with respect to θ. Note 
that we introduced this subsubsection to better clarify the 
concept of differentiable merit. In this study, we specifically 
focused on optimizing the parameters related to the alloca
tion strategy outlined in Section 2.1.2, rather than the selec
tion strategy, as explained in Section 2.4.

2.1.2 Differentiable genetic merit of next generation
Next, let us assume that progeny in the next generation is 
produced from the above n individuals in the current popula
tion. These n individuals undergo diallel crossing with selfing 
(all-to-all mating), creating nðnþ1Þ=2 mating pairs. Here, 
following Hamazaki and Iwata (2024), this subsubsection 
aims to determine how many progeny to allocate to each mat
ing pair based on some “goodness” of each pair. However, 
this allocation process is a discrete and non-differentiable 
operation, which requires a continuous approximation, simi
lar to the case in Section 2.1.1. We reframed this challenge by 
focusing on which mating pair to select as parents for each 
progeny in the next generation. We then approximated this 
pair selection process using differentiable sampling with the 
Gumbel-Softmax reparameterization trick, similar to the 
approach in Section 2.1.1.

To implement this approximation and obtain the allele 
score vector for a progeny i, wðpÞi 2 f0;1g

M, where ðpÞ repre
sents the genomic information of the “progeny,” we need to 
generate one offspring from each possible mating pair, then 
weight these allele score vectors using the yij in Equation (2). 

An allele score vector of an offspring i from mating pair 
k 2 f1; . . . ;nðnþ1Þ=2g, wðpÞki

2 f0;1gM is determined by a 
function that takes allele score vectors of parents and a vector 
of random variables ηki

2 f0;1gm. Here, ηki 
acts as the source 

of genetic variation between siblings from the same mating 
pair. Therefore, for the selection of mating pairs, Equation 
(3) can be rewritten as follows: 

wðpÞi �
X

k

yijw
ðpÞ
ki
; (4) 

where the summation is taken over each mating pair rather 
than over each individual. To define the categorical distribu
tion from which we aim to sample yij, we also introduce a 
feature vector ωk 2 R

d representing “goodness” metrics for 
the mating pair k, which is calculated from the allele score 
vectors of the parents, with details described in Section 2.3. 
By utilizing the feature vector ωk and the parameter vector θ, 
we define the parametric discrete distribution as follows: 

Pðz ¼ kjθÞ ¼
exp ðω>k θÞ

P
k exp ðω>k θÞ

: (5) 

Note that in this subsubsection, z refers to the selected mat
ing pairs rather than the selected individuals. Here, θ can be 
interpreted as weights for goodness metrics that determine 
the progeny allocation to each mating pair, making it the key 
parameter to be optimized in this study. Then, a sampled 
allele score vector of progeny wðpÞi can be approximated by 
applying Equations (2), (4), and (5). Consider that N individ
uals are produced in this manner for the next generation, and 
let us denote their differentiable genetic merit as Fðθ;g;ηÞ, 
which can be computed by replacing wi with wðpÞi in 
Equation (1). Unlike standard gradient-based optimization 
that targets deterministic functions, our genetic merit func
tion F is stochastic because it incorporates two types of ran
dom factors: g and η. First, g¼ fgikg contains samples from 
the Gumbelð0;1Þ distribution, formed by row-wise flattening 
of a N×nðnþ1Þ=2 matrix. This introduces stochasticity 
when we approximate the breeding process in a continuous, 
differentiable form using Gumbel-Softmax reparameteriza
tion. Second, η¼ fηki

g is a vector formed by flattening a 
N×nðnþ1Þ=2×m array, which causes the randomness in 
Mendelian segregation during gamete generation. Thus, our 
objective is to determine θ that optimizes 

FðθÞ ¼ Eη½Eg½Fðθ; g; ηÞ��; (6) 

where Eg and Eη represent expectations with g and η, 
respectively.

Using AD techniques provided in PyTorch (Paszke et al. 
2017 2019), we can easily extend this differentiable merit 
across multiple generations by repeating the above selection 
and mating process multiple times, allowing us to evaluate 
the derivatives for genetic merit at any generation 
t 2 f0; . . . ;Tg, where T is the final generation (Fig. S1, avail
able as supplementary data at Bioinformatics online). When 
optimizing breeding schemes with multiple generations, each 
generation τ 2 f0; . . . ;T −1g has its own distinct parameter 
vector θðτÞ. This means that the genetic merit in Equation (6)
becomes a function of parameter vectors over multiple gener

ations: F
�
fθðτÞg

�
. As described above, by leveraging 

DiffBreed: gradient-based optimization of breeding                                                                                                                                                            3 

https://academic.oup.com/bioinformatics/article-lookup/doi/10.1093/bioinformatics/btaf586#supplementary-data
https://academic.oup.com/bioinformatics/article-lookup/doi/10.1093/bioinformatics/btaf586#supplementary-data


PyTorch’s computational graph architecture, we make the 
entire breeding process differentiable across all generations. 
Then, we can compute partial derivatives @F=@θðτÞ via AD. 
Finally, we used stochastic gradient descent (SGD) (Robbins 
and Monro 1951) with these derivatives to optimize the allo
cation parameter θðτÞ (Fig. S2, available as supplementary 
data at Bioinformatics online). The details of the breeding 
scheme with multiple generations and the evaluation of the 
optimized strategy are further elaborated in Section 2.4.

2.2 Formulation of progeny generation
In this subsection, we describe the details of how an allele 
score vector of the progeny i, wðpÞki

, is generated from its 
parents named kM and kP. When progeny are generated, 
gametes are independently produced from the parents kM 

and kP before being combined to form progeny. In the fol
lowing, since the first m elements in wðpÞki 

correspond to a 
gamete vector obtained from kM and the latter m elements 
correspond to that from kP, we focus on the gamete genera
tion process from kM, as the procedure is identical for both.

In this process, a recombination event occurs in which the 
maternal and paternal haplotypes of a parent are mixed 
together, and subsequently, one of these mixed haplotypes is 
generated as a gamete (Fig. S3, available as supplementary 
data at Bioinformatics online). Here, whether information 
exchanges occur between markers j and j0 (1≤ j; j0≤m) is 
determined by sampling based on a recombination rate 
rjj0 2 ½0;0:5�. We note that rjj0 ¼ 0:5 if two markers j and j0 are 
located on different chromosomes. Let us denote ηkij 2 f0;1g
as a sample from a Bernoulli distribution with probability 
rj − 1j where we virtually set r01 ¼ 0:5 to randomly select either 
maternal or paternal haplotype with equal probability. Here, 
the cumulative summation of ηkij represents the total number 
of crossover events. Since an even number of crossover events 
restores the original haplotype, we can express an allele score 
at marker j for gamete i from mating pair k as follows. 

wðpÞkij
¼ wkMlj ; (7) 

lj ¼ jþm×
Xj

j0¼1

ηkij mod 2

0

@

1

A: (8) 

These equations demonstrate that the allele score of a gam
ete is directly inherited from one of the parent’s haplotypes at 
each marker, and which specific haplotype is inherited 
depends on the number of crossover events that have 
occurred up to that point in the chromosome. We imple
mented this progeny generation method using PyTorch.

2.3 Goodness metrics employed for progeny  
allocation
As the candidates for the feature vector of “goodness” met
rics ωk 2 R

d in the allocation step, we used a selection crite
rion called weighted breeding value (WBV) (Goddard 2009, 
Jannink 2010) and the expected genetic variance of progeny 
(GVP) for each mating pair, i.e., d¼ 2. WBV is a criterion 
that enables genetic improvement while maintaining genetic 
diversity in a breeding population by placing greater empha
sis on rare alleles and is considered advantageous for long- 
term breeding schemes. In this study, WBVs are calculated 
for both parents kM and kP, and their mean serves as the first 
element of ωk as follows (Jannink 2010). 

ωk1 ¼
1
2

XM

j¼1

X

i2fM;Pg

αjp
− 1

2
j wkij; (9) 

where pj is a minor allele frequency at marker j.
We also examine GVP as the genetic diversity of gametes 

produced after the self-fertilization of progeny from each 
mating pair to assess the genetic distance between parents. 
Here, this GVP can be theoretically derived as in the follow
ing Equation (10), based on the idea proposed by previous 
studies (Lehermeier et al. 2017, Allier et al. 2019a, b), serving 
as the second element of ωk. 

ωk2 ¼
Xm

j¼1

Xm

j0¼1

σkjj0αjαj0 ; (10) 

where σkjj0 is a covariance between markers j and j0 caused by 
the segregation of progeny derived from mating pair k. The 
detailed deviation of σkjj0 is provided in Allier et al. (2019b), 
but can be computed based on the recombination rate rjj0 and 
allele score vectors of both parents (wki 2 f0;1g

M for 
i 2 fM;Pg) as follows: 

σkjj0 ¼
1
4
ð1 − 2rjj0 Þ

×
X

i2fM;Pg

ðwkij − wkijþmÞðwkij0 − wkij0 þmÞ:
(11) 

2.4 Evaluation of the proposed framework
As outlined by Hamazaki and Iwata (2024), we simulated a 
breeding scheme over T ¼ 4 generations using a progeny allo
cation strategy proposed by an “AI breeder” (Fig. S2, avail
able as supplementary data at Bioinformatics online). In this 
study, we did not implement the method described in Section 
2.1.1 at the selection stage. Instead, we used predetermined 
selection strategies described below and focused primarily on 
optimizing the parameters related to the progeny allocation 
strategy θðτÞ explained in Section 2.1.2 for simplicity. Here, 
breeders were assumed to obtain the optimal allocation 

parameters fbθ
ðτÞ
g0;...;T − 1 by providing the AI breeder with ini

tial population information, including allele scores, marker 
effects, and recombination rates.

To optimize θðτÞ, the AI breeder assessed allocation strat
egies by measuring the final genetic gain—defined as the rela
tive genetic merit of the final population in Equation (1) of 
the top K¼ 5 individuals compared to the initial population. 
As discussed in Section 2.2, since the genetic gain includes 
two random factors, the AI breeder needs to maximize the 
expected final genetic gain given in Equation (6). Here, the 
expectations with respect to the random variables g and η in 
Equation (6) were handled by taking the empirical mean of 
the final genetic gains for 100 breeding simulations based on 
each θðτÞ. Although computationally intensive, running 100 
simulations was essential for accurately approximating the 
expected value of this stochastic breeding process, as gradient 
calculations based on a single simulation would produce pro
hibitively noisy and unreliable estimates. Then, after repeat
ing the function evaluations of F 200 times in SGD (Robbins 
and Monro 1951) while computing gradient information 
through AD approaches (Paszke et al. 2017) as described in 
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Section 2.1.2, fbθ
ðτÞ
g0;...;T −1 was passed from the AI breeder to 

the actual breeders.
In this study, to validate whether AD could contribute 

adequately to the gradient-based optimization of breeding 
schemes, we performed simulation studies as a proof of con
cept. We first simulated the initial breeding populations with 
a population size of N ¼ 250, assuming a virtual diploid crop 
with ten chromosomes. Here, we maintained a constant pop
ulation size of N ¼ 250 throughout the entire breeding 
scheme in this study. Then, we prepared two different scenar
ios concerning the number of quantitative trait loci (QTLs): 
m¼ 30 (Scenario 1) or m¼ 500 (Scenario 2) in total. For 
simplicity and due to computational limitations, we also 
assumed true QTL positions and effects were known when 
determining breeding strategies. The details of simulating the 
initial population and QTLs are described in Section S1, 
available as supplementary data at Bioinformatics online.

In each scheme, we prepared the following three methods 
to select n individuals as parent candidates for mating based 
on the order of increasing WBV (Jannink 2010), with details 
given in Section S2 (Fig. S4, available as supplementary data
at Bioinformatics online).

1) SI1: Selected n¼ 15 genotypes from the current 
population. 

2) SI2: First performed hierarchical clustering based on 
marker genotypes, creating 25 clusters. Then, it selected 
the only top genotype from each cluster, resulting in n¼
25 genotypes. 

3) SI3: Selected n¼ 50 genotypes from the current 
population. 

Then, across these two scenarios featuring different QTL 
numbers and three selection strategies with different inten
sities, we compared the following four allocation strategies 
through 10,000 breeding simulations: two versions of the 
gradient-based optimized resource allocation (GORA1 and 
GORA2) based on DiffBreed, the black-box-based optimized 
resource allocation (ORA) by Hamazaki and Iwata (2024), 
and the non-optimized equal allocation strategies. The non- 
optimized equal allocation strategy refers to a simple baseline 
approach where we distribute the number of progenies 
equally across all mating pairs, which corresponds to θðτÞ ¼ 0 
in the proposed strategy. Here, the two versions of GORA 
differ in the initial weights corresponding to GVP (ωk2), i.e., 
the initial weight of GORA1 was larger than that of GORA2, 
with details given in Section S3, available as supplementary 
data at Bioinformatics online. We note that the domain of 
definition of θðτÞ was defined as θðτÞ 2 ½0:5;3:5�d using the 
inverse logit transformation of νðτÞ 2 ½−1;1�d for both 
GORAs and ORA. We implemented this inverse logit trans
formation to prevent parameters from converging to unrea
sonable values, while enabling SGD to solve the problem as 
an unconstrained optimization task. Also, the optimized 
parameters in ORA were obtained through 20,000 function 
evaluations, using 50 breeding schemes to calculate the 
expectation with respect to η.

Throughout the study, R version 4.4.1 (R Core Team 
2024) was used to simulate the marker genotype of the initial 
breeding population, while Python version 3.12.2 (Van 
Rossum and Drake 2009) with PyTorch version 2.3.1 
(Paszke et al. 2017, 2019) was used to implement DiffBreed 
and conduct breeding optimization.

3 Results
3.1 Evaluation of convergence conditions
We first verified whether gradient-based optimization with 
AD could successfully optimize the allocation strategy by 
monitoring changes in function values across two scenarios 
under three selection strategies (Fig. S5, available as supple
mentary data at Bioinformatics online).

The results showed that the function values generally 
improved with increasing SGD epochs, with the exception of 
Scenario 1 under SI1 (Fig. S5, available as supplementary 
data at Bioinformatics online). Notably, allocation strategies 
under SI2 and SI3 were effectively optimized, with the algo
rithm converging to certain levels within 100 epochs (Fig. 
S5C–F, available as supplementary data at Bioinformatics 
online). These findings indicate that gradients derived from 
AD facilitated an efficient search for optimal parameters.

3.2 Genetic gains over four generations
We compared the four allocation strategies (GORA1, 
GORA2, ORA, and EQ) by analyzing the genetic gains over 
four generations across two scenarios under three selection 
strategies (Fig. 2).

In the final generation, t ¼ 4, ORA demonstrated the high
est genetic gain for both scenarios (Fig. 2). Under strong 
selection intensity (SI1), there was minimal difference 
between the proposed and equal allocation strategies. 
However, under weaker intensities (SI2 and SI3), the pro
posed GORA strategies outperformed the non-optimized EQ 
strategy in both scenarios. The effectiveness of optimized 
allocation (ORA and GORA) was particularly pronounced 
when the trait was controlled by many QTLs, as in Scenario 
2. Comparing the two proposed strategies, GORA2 generally 
outperformed GORA1. This suggests that the initial values 
significantly influenced the gradient-based optimization.

For Scenario 2, although ORA initially showed lower 
genetic gains than GORAs in t ¼ 1, from t¼ 2, ORA 

Figure 2. Change in the genetic gains over four generations under 
different selection intensities. The horizontal and vertical axes represent 
the number of generations and the genetic gains, respectively. We 
compared the four allocation strategies under different selection 
intensities (SI1—SI3): GORA1: gradient-based optimized allocation with 
larger initial weights on GVP (light purple dash-dotted), GORA2: gradient- 
based optimized allocation with smaller initial weights on GVP (purple 
dashed), ORA: black-box-based optimized allocation (blue solid), EQ: 
equal allocation (black dotted). (A) Scenario 1. (B) Scenario 2.
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overtook GORAs. This indicates that the black-box-based 
strategy successfully fine-tuned the balance between the 
weights on WBV and GVP.

3.3 Genetic gains across different simulation 
repetitions
To better understand the nuance of each strategy, we ana
lyzed the cumulative distribution functions (CDFs) of genetic 
gain in the final generation (t ¼ 4) for each allocation strat
egy, using 10,000 simulation repetitions. Figure S6 (available 
as supplementary data at Bioinformatics online) displays 
these results, with the horizontal axis showing the final 
genetic gain of each breeding simulation and the vertical axis 
indicating the percentile of simulation repetitions. The 1st 
and 99th percentiles represent the worst and best performan
ces among the 10,000 repetitions, respectively. The effective
ness of each strategy is demonstrated by its CDF curve 
shifting rightward and downward on the graph—the further 
this shift, the better the strategy’s overall performance.

Once again, ORA consistently showed the best 
performance (Fig. S6, available as supplementary data at 
Bioinformatics online). Among the proposed strategies, 
GORA2 outperformed GORA1 in all cases and EQ under 
low selection intensities (SI2 and SI3). In Scenario 2, the CDF 
curves of the optimized strategies (GORA and ORA) exhib
ited shallower slopes compared to Scenario 1, suggesting that 
a larger number of QTLs led to greater variations among sim
ulation repetitions. Particularly in Scenario 1, GORA2 dis
played steeper slopes than ORA, indicating variable 
performance: at its best, it matched the ORA’s performance, 
but at its worst, it produced inferior results.

3.4 Genetic gains across different phenotype 
simulations
We further evaluated the final genetic gains using ten replica
tions of the phenotype simulation to verify whether the 
gradient-based optimized strategies outperformed the equal 
allocation strategy for different target traits with varying 
QTL positions and effects (Fig. 3). When simulating pheno
types for different traits, we altered QTL positions and their 
effects while keeping the number of QTLs and the distribu
tion of QTL effects constant. Here, we chose GORA2 to 
represent our proposed approach, as it consistently outper
formed GORA1 in all cases. To reduce computational time 
while ensuring that the function value reached a satisfactory 
level, we determined the optimized parameters of GORA 
after 100 function evaluations and ORA after 5,000, based 
on the convergence assessment in Section 3.1. Full conver
gence was not necessary, as our goal was simply to demon
strate that our algorithms could improve genetic gain 
compared to the non-optimized one.

ORA consistently showed the highest genetic gains, even 
when QTL positions and effects were altered (Fig. 3). In addi
tion, GORA outperformed EQ under SI2 and SI3 while 
showing little difference under SI1. Once again, the perform
ance gap between optimized (ORA and GORA) and non- 
optimized (EQ) strategies was more pronounced under SI2 
and SI3 in Scenario 2.

We evaluated the improvement rate in final gain for 
GORA2 and ORA compared to EQ using ten phenotype rep
lications, which showed a similar trend between GORA and 
ORA (Fig. S7, available as supplementary data at 
Bioinformatics online). Notably, GORA failed to optimize 

and underperformed EQ in only one replication for Scenario 
1. In all other replications, the genetic gains of GORA were 
comparable to or higher than EQ, with remarkable improve
ments of 15:5 −29:8% over EQ under SI2 and SI3 within just 
four generations.

3.5 Genetic diversity over four generations
Next, we compared the GORA, ORA, and EQ strategies in 
genetic diversity across generations for two scenarios under 
three selection strategies (Fig. 4). The genetic diversity of a 

Figure 3. Genetic gains in the final generation using ten replications for 
the phenotype simulation under different selection intensities. Boxplots 
of the genetic gains in the final generation using ten replications for the 
phenotype simulation. The horizontal and vertical axes represent the 
different allocation strategies and the final genetic gains, respectively. We 
compared the three allocation strategies under different selection 
intensities (SI1—SI3): GORA2 (light purple), ORA (light blue), and EQ 
(grey), with details given in Fig. 2. The weighting parameters were 
optimized based on 100 and 5,000 function evaluations for GORA2 and 
ORA, respectively. (A) Scenario 1. (B) Scenario 2.

Figure 4. Change in the genetic variances over four generations under 
different selection intensities. The horizontal and vertical axes represent 
the number of generations and the genetic variances in the breeding 
population, respectively. We compared the four allocation strategies 
under different selection intensities (SI1—SI3), with details of the 
abbreviations given in Fig. 2. (A) Scenario 1. (B) Scenario 2.
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breeding population in each generation was evaluated based 
on the genetic variance of the true genotypic values in 
the population.

First, in Scenario 1, GORA2 and ORA showed a rapid 
reduction in genetic diversity, while GORA1 relatively main
tained the genetic variance throughout the scheme under all 
selection intensities (Fig. 4A). In Scenario 2, the loss of diver
sity was suppressed compared to that in Scenario 1, and 
GORA2 showed the largest decrease in genetic diversity 
(Fig. 4B). The genetic diversity of GORA1 in t ¼ 4 was equal 
to or larger than that in t ¼ 0. These results suggest that ini
tial GVP weights in the allocation step largely impacted the 
genetic diversity of GORAs.

3.6 Optimized weighting parameters for each  
strategy
After 200 function evaluations for the GORAs and 20,000 
for the ORA, we obtained optimized weighting parameters 
θðτÞ for two scenarios under three selection strategies (Table 1
and Tables S1–S5, available as supplementary data at 
Bioinformatics online). Here, a higher value of θðτÞ indicates a 
greater emphasis on the corresponding goodness metric.

Examining the weighting parameters for Scenario 1 under 
SI1 (Table 1), we find that GORA1 and GORA2 assigned 
higher weights to WBV than ORA in earlier generations, indi
cating that they prioritized the initial generation. Regarding 
the weights for GVP, GORA1 showed higher values than 
GORA2 and ORA, probably due to its higher initial values. 
We observed similar patterns under SI2 and SI3, with gener
ally higher weights compared to SI1 (Tables S1 and S2, avail
able as supplementary data at Bioinformatics online).

In Scenario 2, the comparison between GORA and ORA 
revealed trends similar to those in Scenario 1 (Tables S3–S5, 
available as supplementary data at Bioinformatics online). 
However, the optimized weights were generally lower than 
those in Scenario 1 under identical selection strategies. 
Interestingly, the trend of prioritizing the initial generation— 
observed in GORAs for Scenario 1—was absent in Scenario 
2. Conversely, ORA consistently placed greater importance 
on the final generation across all selection strategies. These 
results suggest that the optimized approaches flexibly 
changed their strategies depending on the target traits.

3.7 Optical flow for the gradients calculated by AD
Finally, to further validate the GORA strategies, we exam
ined the global relationship between function values of FðθÞ
in Equation (6) and gradients calculated by AD, i.e., @F=@θ. 
We created visualizations similar to optical flow diagrams—a 
technique used in computer vision to represent object 
motion—(Horn and Schunck 1981) for two parameters. We 
performed grid-based calculations of function values and 

gradients for two distinct breeding schemes based on two 
allocation parameters: (1) a scheme with one generation 
using both WBV and GVP, and (2) a scheme with two gener
ations using only WBV for allocation across two scenarios 
under three selection strategies (Fig. 5 for SI2 and Figs S8 and 
S9 for SI1 and SI3, available as supplementary data at 
Bioinformatics online). We defined the domains of logit- 
transformed weighting parameters νðτÞ as νðτÞ 2 ½− 3;2�
(θðτÞ 2 ½−0:31;3:02�) for WBV and νðτÞ 2 ½− 5;0�
(θðτÞ 2 ½−0:47;1:5�) for GVP. We then divided each domain 
into 50 areas and evaluated the function values and gradients 
for 512 ¼ 2;601 parameter sets in total. In these visualiza
tions, the background color indicates the magnitude of func
tion values for each set of logit-transformed weighting 
parameters. The arrows, meanwhile, represent both the mag
nitude and direction of gradients calculated through AD.

Examining the results for the scheme with one generation 
using both WBV and GVP in Scenario 2, we observed that 
function values increased across all selection strategies as the 
weight for WBV grew larger and the weight for GVP dimin
ished (Figs S5B, S8B, and S9B, available as supplementary 
data at Bioinformatics online). Also, the results for the 
scheme with two generations using only WBV in Scenario 2 
showed that function values increased across all selection 
strategies as the weights for WBV in both generations got 
larger (Figs S5D, S8D, and S9D, available as supplementary 
data at Bioinformatics online). In both cases, the arrows rep
resenting gradient information pointed towards increasing 
function values, confirming that the gradient information 
was accurately calculated.

For the scheme with two generations using only WBV in 
Scenario 1, under SI3, we observed a trend similar to 
Scenario 2 (Fig. S9C, available as supplementary data at 
Bioinformatics online). However, under SI1 and SI2, the 
highest function values occurred when the weight for WBV 
was low to moderate in generation 0 and high in generation 1 
(Figs S5C and S8C, available as supplementary data at 
Bioinformatics online). These findings suggest the optimal 
weighting parameters strongly depend on both QTL numbers 
and selection intensity the number of QTLs and selection 
intensity. Near the function’s maximum value, gradient 
arrows either pointed towards the peak or became negligible 
in length, ensuring that optimization would not stray from 
the optimal point.

The scheme with one generation using both WBV and GVP 
in Scenario 1 revealed that optimal parameters varied signifi
cantly across selection strategies (Figs S5A, S8A, and S9A, 
available as supplementary data at Bioinformatics online). 
Notably, under SI2, a region of high function values seemed 
to extend along the diagonal line where x equals y (Fig. S5A, 
available as supplementary data at Bioinformatics online). In 
these cases, arrows primarily pointed rightward, sometimes 
failing to capture subtle changes in function values 
accurately.

The figures depict initial and optimized weighting parame
ters as blue and green points, respectively. In most cases, the 
SGD optimization search range was narrower than the grid 
search area in this subsection, suggesting it may not have 
reached the true optimal solution. Although this section 
assumes a shorter number of generations, these insights likely 
apply to breeding schemes with four generations as well, 

Table 1. Optimized weighting parameters θðτÞ across generations 
τ ¼ 0; . . . ;T −1 for Scenario 1 under SI1.

GORA1 GORA2 ORA

τ WBV GVP WBV GVP WBV GVP

0 2.63 0.38 2.93 0.20 1.50 0.17
1 2.09 1.92 2.13 0.29 1.50 0.17
2 2.26 1.93 2.33 0.04 2.83 0.17
3 2.22 1.99 2.39 −0.09 2.83 0.17
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potentially explaining why GORA strategies showed slightly 
lower genetic gains than ORA.

4 Discussion
In this study, we calculated gradients from AD through 
DiffBreed, a PyTorch-based differentiable breeding simula
tor. We then leveraged these gradients to optimize progeny 
allocation in breeding schemes using gradient-based methods. 
We explored the relationship between function values and 
gradients across various parameter sets using grid search in 
breeding schemes spanning one or two generations (Figs S5, 

S8, and S9, available as supplementary data at Bioinformatics 
online). The optical flow diagrams showed that the arrows 
depicting gradients generally pointed towards regions of 
increasing function values. While capturing accurate gra
dients proved challenging for scenarios involving traits con
trolled by a small number of QTLs, our AD framework 
performed effectively for scenarios with traits governed by 
numerous QTLs. The number of QTLs influenced the con
tinuity of genotypic values, which likely affected AD preci
sion. In any case, based on these results, we can conclude that 
gradient estimation through AD achieved a satisfactory level 
of accuracy.

Figure 5. Optical flow for the gradients calculated by AD under SI2. The function values and gradients were evaluated by AD via grid search under SI2. 
The horizontal and vertical axes represent the logit-transformed weighting parameters νðτÞ in the allocation step. The background color indicates the 
magnitude of function values for each set of logit-transformed weighting parameters, whereas the arrows represent both the magnitude and direction of 
gradients calculated through AD. The blue and green points correspond to the initial and optimized values by the GORA2. (A), (B) The gradients were 
evaluated for the breeding scheme with only one generation considering both WBV and GVP as candidates of ωk . The horizontal and vertical axes 
represent νðτÞ for WBV and GVP in generation 0, respectively. (C), (D) The gradients were evaluated for the breeding scheme with two generations 
considering only WBV as candidates of ωk . The horizontal and vertical axes represent νðτÞ for WBV in generations 0 and 1, respectively. (A), (C) Scenario 
1. (B), (D) Scenario 2.
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Having confirmed the validity of AD, we then applied the 
framework to the schemes with four generations. Monitoring 
function values across epochs in SGD revealed an increasing 
trend for most scenarios and selection intensities, with con
vergence typically occurring after about 100 epochs (Fig. S5, 
available as supplementary data at Bioinformatics online). 
From these results, our gradient-based method with 
AD appeared to significantly reduce the number of breeding 
simulations required for optimization (100×200¼ 20;000) 
compared to the StoSOO-based optimization 
(50×20;00¼ 1000;000) proposed by Hamazaki and Iwata 
(2024). However, it is important to note a key difference: our 
AD-based optimization used SGD, a local optimization 
method, while the previous study employed StoSOO (Valko 
et al. 2013) for global optimization. These approaches are 
fundamentally distinct, making direct comparisons of compu
tational complexity inappropriate. Thus, the main focus of 
this study should be on how AD enabled more efficient and 
appropriate parameter exploration.

Using the optimized weighting parameters by SGD, we 
evaluated the performance of the proposed method based on 
the genetic gains (Figs S2, S3, S6, and S7, available as supple
mentary data at Bioinformatics online). As a result, when the 
intensity in the selection stage was high, the optimized alloca
tion strategies were unable to demonstrate clearly superior 
performance compared to non-optimized strategies. 
Although this result may seem discouraging initially, it is 
quite logical—the optimization of allocation strategies mainly 
works by enhancing selection intensity, so when the selection 
stage already employs high intensity, optimization provides 
only minimal additional benefit. While slightly inferior to 
StoSOO-based optimization, our gradient-based approach 
showed significantly better performance than non-optimized 
cases when selection intensity was low, confirming the effec
tiveness of our AD framework. Here, the reason why the 
gradient-based method yielded slightly less favorable results 
compared to the black-box-based method may be attributed 
to its limited range of exploration in the optimization proc
ess. As evident in the optical flow diagrams (Figs S5, S8, and 
S9, available as supplementary data at Bioinformatics 
online), even in breeding schemes spanning just one or two 
generations, the exploration range of SGD failed to encom
pass the entire global area, and consequently, SGD could not 
have reached the global optimum. One possible reason for 
the narrow search range of SGD is that we employed a sched
uler, which might have prematurely halted the search process. 
Therefore, employing an alternative optimization method 
that can automatically adjust the learning rate, such as Adam 
(Kingma and Ba 2014), without using a scheduler, could 
resolve this issue and potentially enhance the final genetic 
gains achieved through gradient-based optimization.

Next, we discussed the impact of different initial values on 
the performance of gradient-based methods. Analysis of 
genetic gains revealed that the gradient-based method with 
lower initial values for GVP consistently outperformed the 
approach with higher initial values (Fig. 2 and Fig. S6, avail
able as supplementary data at Bioinformatics online). 
The results of genetic variance showed that higher initial 
GVP weights led to greater genetic diversity in breeding 
populations in all cases (Fig. 4). These initial values signifi
cantly influenced the final optimized parameters (Table 1
and Tables S1–S5, available as supplementary data at 
Bioinformatics online), likely explaining the observed 

variations in both genetic gains and diversity. These results 
indicate that initial values significantly impact the perform
ance of gradient-based methods, even when applied to the 
area of breeding. Therefore, employing global optimization 
methods, such as Bayesian optimization (Brochu et al. 2010), 
to determine suitable initial values would enhance the effec
tiveness of our gradient-based method with AD.

Finally, the potential applications of AD extend far beyond 
simple gradient-based methods. In particular, black-box opti
mization methods that utilize derivative information—such 
as Bayesian optimization (Wu et al. 2017, Perrin and Leriche 
2024) or genetic algorithm (Sekhon and Mebane 1998) with 
derivatives—show promise in accelerating optimization proc
esses and enhancing their efficiency. By combining AD with 
derivative-oriented optimization methods, we can achieve 
greater genetic gains at lower computational costs, exceeding 
what our current gradient-based and black-box-based opti
mization frameworks can deliver. Moreover, the gradient 
information obtained through AD can be incorporated into 
deep learning techniques, such as deep neural networks 
(Schmidhuber 2015). By integrating deep neural network 
structures into the optimization of breeding schemes using 
AD, we could potentially create a more flexible optimization 
framework that does not rely on human-proposed goodness 
metrics and can handle a larger number of parameters. Thus, 
the DiffBreed framework developed in this study is expected 
to serve as a foundation for more sophisticated optimization 
methods in the future. Furthermore, our AD framework 
could be extended beyond breeding applications to other 
fields, including simulations in population genetics, as sug
gested in Frank (2022). By establishing the AD of breeding 
schemes and demonstrating its potential through gradient- 
based optimization, this study lays a crucial foundation for 
revolutionizing future decision-making in breeding strategies.
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