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Abstract

Motivation: Despite the widely recognized importance of replicability in biological research, computational methods to
quantify irreplicability and identify irreplicable instances remain underdeveloped. This article presents an efficient and
robust computational framework to address this gap.

Results: To tackle the challenge of defining an acceptable level of intrinsic heterogeneity among replicable studies, we
introduce a distinguishability criterion, ensuring that replicable effects, while potentially heterogeneous, can be distin-
guished from zero effects and maintain consistent directions with high probability. We implement a Bayesian model
criticism approach, reporting a Bayesian P-value to identify potential irreplicable instances. Through numerical experi-
ments, we demonstrate the efficacy of the proposed methods in detecting batch effects in high-throughput experiments
and identifying instances of the publication bias. Finally, we apply the framework to multi-tissue eQTL data from the
GTEx consortium, uncovering tissue-specific eQTLs that represent biological heterogeneity across tissues.

Availability and implementation: An R package DiscRep implementing our method is available on GitHub (https://github.

com/PengWang96/DiscRep).

1 Introduction

Replicability—the ability to consistently reproduce the same find-
ings across repeated experiments—is a cornerstone of scientific re-
search and essential for validating discoveries and building a
reliable body of knowledge (Begley and Ellis 2012, Goodman et al.
2016). However, with the growing reliance on complex, high-
dimensional data, assessing replicability has become increasingly
challenging. Variability across studies, differences in experimental
conditions, and data heterogeneity often confound efforts to deter-
mine whether findings genuinely replicate.

The importance of replicability assessment extends well be-
yond evaluating repeated experiments. Multi-tissue expression
quantitative trait loci (eQTL) analyses can be naturally framed
as evaluating the consistency/replicability of a genetic variant’s
effect on a target gene across multiple tissues (Flutre et al.
2013). An effect can be heterogeneous across tissues. Cross-
tissue inconsistency may reflect biologically meaningful tissue-
specific regulation. Likewise, evaluating gene-environment

interactions or spatially variable gene expression patterns
across contexts often reduces to testing whether biological
effects replicate across different contexts (Li et al. 2022, 2024).

Despite recent progress, two fundamental challenges remain
unresolved. The first is conceptual: how to define an acceptable
level of heterogeneity among studies considered replicable. While
heterogeneity is intrinsic to most scientific measurements
(Dekkers 2018, Bogomolov and Heller 2023, McKenzie and
Veroniki 2024), there is no consensus on how much variation is
permissible. The fixed-effect assumption remains widely used de-
spite its well-recognized limitations (Patil et al. 2016). Some have
proposed using directional consistency as a relaxed criterion for
replicability (Zhao et al. 2020), but this can be overly lenient and
fails to capture consequential quantitative discrepancies.

The second challenge is to implement appropriate statistical
methods for quantitatively evaluating irreplicable results across
multiple experiments. In practice, inappropriate statistical prac-
tice, such as treating a lack of consistently significant P-values
as direct evidence of irreplicability, can lead to misleading
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conclusions. Principled statistical approaches for properly eval-
uating replicability include model comparison, predictive inter-
val checking, and Bayesian model criticism. Model comparison
(Li et al. 2011, Wen 2014, Zhao et al. 2020) compares competing
statistical models that represent replicable versus irreplicable
scenarios and identifies the model most strongly supported by
the observed data. Predictive interval checking (Seymour 1993,
IntHout et al. 2016, Patil et al. 2016) examines whether predic-
tions generated from a fitted model based on existing experi-
ments fall within an acceptable range of outcomes observed in
new replication studies. In this article, we focus on Bayesian
model criticism methods (Meng 1994, Gelman et al. 1996, Zhao
and Wen 2021). For replicability assessment, a reference model
that explicitly characterizes the replicable scenario is specified,
and its inadequate fit to the observed data, typically summa-
rized by a small Bayesian P-value, is interpreted as evidence
against replicability. Like frequentist P-values, Bayesian P-values
provide a calibrated measure of model discrepancy by assessing
how surprising the observed data are under the fitted reference
model. But unlike frequentist P-values, they need not be uni-
formly distributed when the reference model is true
(Meng 1994).

In this article, we introduce DiscRep, a Bayesian framework
for assessing replicability using a distinguishability criterion, to
address above challenges. Rather than assuming homogeneity
or relying on indirect heuristics, DiscRep quantifies whether ob-
served effects are probabilistically distinguishable from null
effects under an acceptable level of heterogeneity. This ap-
proach provides a principled, context-agnostic, and interpret-
able measure of replicability that is robust to batch effects
(Cochran 1950, Leek et al. 2010), publication bias (Begg and
Mazumdar 1994, Egger et al. 1997, Lin and Chu 2018), and other
sources of variability. DiscRep leverages posterior predictive
checks to detect irreplicable findings and can be easily adapted
to diverse data types and experimental designs. We validate the
proposed criterion through comprehensive simulation studies
and applications to real-world meta-analyses. Our results dem-
onstrate its effectiveness in detecting batch effects, publication
bias, and in identifying cross-tissue heterogeneity in eQTL
effects. The distinguishability criterion provides a sensitive and
reliable tool for assessing replicability, helping to identify robust
scientific findings and supporting more accurate interpretations
in high-throughput biological research.

2 Materials and methods

2.1 Distinguishability criterion

Genuine effects are expected to be consistent across multiple
replication studies, although some degree of heterogeneity
among replications is inevitable (Higgins and Thompson 2002,
Higgins 2008). Characterizing this expected heterogeneity is es-
sential for defining replicability. We argue that variations among
realizations of a genuine replicable effect are permissible as
long as, with high probability, they remain distinguishable from
realizations of the reference null effect under the same assumed
heterogeneity. We refer to this characterization as the distin-
guishability criterion for defining heterogeneity.

To implement the distinguishability criterion in a statistical
model, we consider a replicated realization of a genuine effect,
S, derived from an underlying true effect g. Under the com-
monly assumed normal model, the heterogeneity of the repli-
cations can be quantified by a variance parameter, ¢?,
such that,

BB~ NG, ¢%). (1)

A key challenge in defining a reasonable heterogeneity con-
straint for replicable signals is that the scale of ¢? depends on
the measurement scale of the effect size and ranges from 0 to in-
finity, making its interpretation context-dependent. The distin-
guishability criterion addresses this issue by framing ¢ in a
classification problem, in which we attempt to distinguish g
from the replications of a null reference effect with the same
level of intrinsic heterogeneity. The distinguishability criterion
states that the probability of misclassifying a realization of a
replicable effect as a null effect should be low. Specifically, the
misclassification probability is computed as

Pumis(B, ¢*) = P(an effect is misclassified from its generative model)

Jx N(B; B, 6" )N (5;0,4°) dp

(1 [;(g)lgz})'l |

where Z is a standard normal random variable and the notation
N (x;u,06%) denotes the density function of a normal distribu-
tion, NV'(u,6?), evaluated at x. The derivation and monotonicity
of (2) is provided in Section C.1 and C.2 of the Supplementary
Notes, available as supplementary data at Bioinformatics online,
respectively. Let k:=¢/||. Note that Equation (1) is now
expressed as 8| # ~ N(B, k"), where the variance is a function
of the mean. The misclassification probability becomes a univar-

iate function of k, i.e.
5 -1
2(2) 22 (3)
2 \k k )

Therefore, to define an upper bound on acceptable heteroge-
neity of replicable signals, restricting Pn,s is equivalent to con-
straining ¢ (or equivalently k) given B. Most importantly,
because Pp;s is defined on a probability scale, it provides a uni-
versally interpretable criterion across different application
contexts. For a given j3, in the extreme case of minimal heteroge-
neity, where ¢? — 0, the corresponding Ppmis also approaches 0.
Conversely, in the case of maximal heterogeneity, where
¢* — 00, Pmis approaches 0.5, effectively rendering classifica-
tion equivalent to a random guess. By bounding Pp;s, the distin-
guishability criterion ensures that replicated effects remain
distinguishable from the null with high probability (see Sections
C.1 of the Supplementary Notes, available as supplementary
data at Bioinformatics online, for derivation). As a consequence,
the directions of the replicate effects are also consistent with
high probability (see Sections C.3 of the Supplementary Notes,

Pris(K) = E; <1+exp
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available as supplementary data at Bioinformatics online, for
derivation). Within this framework, we define an effect as repli-
cable if the study-level effects satisfy the criterion at the chosen
tolerance level Pys. This formulation permits effect sizes to vary
across studies, thereby accommodating an acceptable degree of
intrinsic heterogeneity.

2.2 Model for replicable effect and
posterior predictive checking

We further extend (1) to model observed effects, along with the
corresponding standard errors. The resulting hierarchical model,
incorporating a user-defined Pp,;s threshold, fully characterizes
the properties of replicable signals given a group of estimated
effects and their corresponding standard errors. Henceforth, we
refer to this model as the reference replicability model.

For a given pre-specified heterogeneity level of replicable sig-
nals, defined by Pn;s, we can uniquely determine the corre-
sponding k value. We consider the null (zero) effect as a natural
reference point to construct a general reference replicability
model implementing distinguishability criterion under model
criticism. The reference replicability model, Ry, is a probabilistic
generative model defined as:

p~1,
B Bk~ N (B, KB, @)
7;1' |ﬁjNN(ﬁj53j2)7 ji=1,....,m,

where f is the grand effect (WithAa flat prior), f; is the underlying
true effect in each experiment, j; is the observed effect, and 3j2
is the observed variance of effect. The number of experiments/
studies is m. This implementation assumes a flat prior for j.

To utilize the distinguishability criterion, by default, we sam-
ple — log10(Pmis) from a Uniform[ - log1(0.05), 10] distribution
and obtain k =f~1(Py;s), where f=! denotes the inverse map-
ping of function (3). As fis continuous and increases monotoni-
cally, small Ppis results in small k, the heterogeneity level. We
set Pmis to be in the interval (0,0.05), ensuring a low misclassifi-
cation probability.

To assess the replicability of a given set of observations, we
employ an established statistical approach known as Bayesian
posterior predictive checking. Specifically, we fit the reference
replicability model to the observed data and identify a notably
poor fit of the dataset as a whole. A notably poor fit suggests the
presence of observations that deviate from the reference replica-
bility model Ry. The goodness-of-fit (or lack thereof) is quantified
by a Bayesian P-value (Gelman et al. 1996), which we refer to as
the posterior-predictive replication P-value (posterior-PRP).

Let x°Ps = {(ﬁj,?rj) :j=1,...,m} and x" denote the observed
data and potential future observations, respectively. The
posterior-PRP is a valid posterior probability defined by

P(TO0) 2 T0C%) | X, Ro ) (5)

where T(-) is a user-defined test statistic.
Compared to frequentist P-values that follow a Uniform(0,1)
under the reference replicability model, Bayesian posterior

predictive P-values are not necessarily uniformly distributed.
This is because the Bayesian P-value accounts for the uncer-
tainty of nuisance parameters through marginalization rather
than relying on pivotal test statistics or asymptotic null distribu-
tions (Rubin 1984, Gelman et al. 1996, Gelman 2013) The theo-
retical properties of the Bayesian P-values are studied in detail
by Meng (1994), who show, e.g. the distribution of Bayesian P-
values under the reference replicability model is symmetric on
[0,1] and centered at 0.5. Similarly to interpreting traditional P-
values, a small posterior-PRP suggests that the observed data
are unlikely to have arisen from Ry. Such departures may reflect
technical irreplicability (e.g. batch effects, noise) or genuine bio-
logical heterogeneity across contexts (e.g. tissue-specific regula-
tion). In our numerical examples, we illustrate how different
choices of test statistics can be used to target distinct sources of
irreplicable signals.

2.3 Detecting different sources of
irreplicability

In practice, irreplicability arises from various factors (e.g. batch
effects, publication bias), each leaving distinct footprints in observed
data. Designing test statistics that target different sources of irreplic-
ability enhances detection ability (Cochran 1950, Begg and
Mazumdar 1994, Egger et al. 1997, Johnson et al. 2007, Lin and Chu
2018). Compared to existing methods, our approach offers unique
advantages and greater flexibility in customizing test statistics for
this purpose. Posterior predictive checking fundamentally tests vari-
ability in observed data, akin to a variance test, while treating § as a
nuisance parameter. Frequentist tests typically replace nuisance
parameters with point estimates, disregarding their inherent uncer-
tainty and making them sensitive to outliers. In contrast, the compu-
tation of posterior-PRPs integrates out possible # values from the
posterior distribution, fully accounting for the uncertainty of the nui-
sance parameter. This property also simplifies the design of test sta-
tistics for different sources of irreplicability: nearly all existing test
statistics can be easily modified and incorporated within our model.
In our numerical examples, we illustrate how users can tailor test
statistics to capture various factors contributing to irreplicable sig-
nals. A workflow of DiscRep is shown in Fig. 1.

2.4 Posterior-PRP

Formally, the posterior-PRP is defined as

pposterior-PRP = P(T(ﬁ/ ) 9) > T(B, 0) | ﬁv RO)

: “( P (00270.0)x (f[p@"' 1))p(0 | B)dodp’,

0.
(6)

where 6 = (8,k), B = (By.....B,,) and ﬁ/ =(By1,....B,1) are ob-
served data and replicated data under our generative model, re-
spectively. T(ﬁ,0) is a test quantity that measures the discrepancy
between data and model where Ry means that the probability is
evaluatAe,d under the reference replicability model with respect to
6 and g . However, in practice, this posterior-PRP is often not di-
rectly computable due to the complexity of the involved distribu-
tions and integrals. Therefore, we propose a sampling scheme to
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Figure 1 DiscRep workflow.

Algorithm 1: Approximating posterior-PRP by
posterior sampling

Input: total iterations N, observed effects E}- and variances
Gj%,j=1,....m
Output: pyosterior-PRe-
Procedure:
Initialize count < 0
for each iteration in N do
(@) Sample (B,k)
Hastings algorithm.
(b) For each j=1,...
distribution
with {mean //’;7’(2/;2/’/ and varlanceA P
(c) Foreachj=1,...,m, sample[}J/NN([i],az)
(d) Compute test statistics T(8/, (5, k)) and T(8, (p
(e) if T(ﬂ/ (B, k))>T(ﬂ (B,k)) then

count < count+1.

using the  Metropolis-

,m, sample /Jj from normal

k).

end if
end for
t
Compute one-sided p-value: pposterior-prp = <™

return pposterlor-PRP .
end procedure

obtain the posterior-PRP. Algorithm 1 outlines this method, using
the Metropolis-Hastings (MH) algorithm (Metropolis et al. 1953,
Hastings, 1970). Detailed implementation of Algorithm 1 is pro-
vided in Algorithm S1 in Section C.4 of the Supplementary Notes,
available as supplementary data at Bioinformatics online.

2.5 Properties of posterior-PRP

While posterior-PRP under the distinguishability criterion is not
directly computable, it admits a closed-form analytical solution
under the fixed effect model (k = 0), as presented in Section D
of the Supplementary Notes, available as supplementary data at
Bioinformatics online. We now have the model with m studies

p~1 and [A}j\BNN(ﬁ,EjZ), for j=1,....,m

As in Supplementary Notes, available as supplementary data
at Bioinformatics online, we give the explicit expression

Posterior predictive check-

ing

Compute posterior-PRP:
]P(T(IH]:)

Posterior-PRP
(per variant / gene-SNP pair)

Output ’

!

27(@) |2, o)

6

Interpret
posterior-PRP

Small (deviation from Rq Small (deviation from Ro)

Irreplicability
® Batch effects
© Publication bias

Consistent with R,
Effect replicates under
distinguishability criterion

across contexts
o Tissue-specific eQTL

Biological heterogeneity ‘

{o¢]

Pposterior-PRP (Co) = J 1- Fa (t)]f;@(t —Cp)dt,

Co

(7

where F.. and fﬁ are the CDF and PDF of the y? distribution with
m and 1 degrees of freedom, respectively and ¢, is derived from
the deviation of each study’s observed effect from the summary
effect, weighted by the inverse of the study’s variance.
Specifically,

m
Z w;(B; — uz w; ’ and 3 = 21 Wb,
/ /} ) ] =. s — m
0j D1 Wj

Equation (7) reveals how Bayesian P-value behaves as a func-
tion of ¢o. Posterior-PRP is a non-increasing function of ¢,. This
behavior aligns with our intuition: when the observed data
diverges much from what is predicted by the model, the
posterior-PRP  should decrease, signaling a poorer fit.
Conversely, when ¢y =0, meaning the observed data perfectly
fits the model, the posterior-PRP reaches its maximum value.
This property ensures that the posterior-PRP provides a mean-
ingful measure of fit between the model and the data. Small val-
ues of pposterior-prp indicate significant departures from the
model, while large values suggest that the data is consistent
with the model.

We further derive a clear and concise upper bound for
posterior-PRP in the fixed effect model, which is given by the
regularized incomplete beta function I (2, 2) where
Iyt (vt + ) (2 ,"2[2 P(F4,.4, <t) and Fy, 4, denote F-distribution
with d; and d, degrees of freedom. This result provides an ele-
gant way to express the maximum value of the posterior-PRP. It
reveals that as m grows, the upper bound of the posterior-PRP
increases and converges toward 1. On the other hand, for small
m, the upper bound provides a key insight into how posterior-
PRPs differ from frequentist P-values. Specifically, the upper
bounds for m =2,3,4 are approximately 0.7071,0.8183,0.8804
that are less than 1, as we compute in the Supplementary
Notes, available as supplementary data at Bioinformatics online.
Moreover, the mean of the posterior-PRPs across different val-
ues of m is always 0.5 under the null, as proven in Theorem 1 by
Meng (1994). In frequentist settings, P-values are typically uni-
formly distributed with mean 0.5 and upper bound 1 under the
null hypothesis.

Although these properties are derived within the fixed effect
model, they are not confined to this context. The same behavior
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of posterior-PRPs with respect to ¢, and m can be expected
within the framework of the distinguishability criterion as well.
The distinguishability criterion, which evaluates replicability by
quantifying heterogeneity among replicable effects, still relies
on Bayesian P-values to assess model fit, regardless of the mod-
el’s complexity. Detailed derivations of properties can be found
in Section D of the Supplementary Notes, available as supple-
mentary data at Bioinformatics online. We also present the up-
per bound of posterior-PRP, the relationship between posterior-
PRP and ¢o in Fig. 5, available as supplementary data at
Bioinformatics online, and the histogram of posterior-PRP for
different values of m in Fig. 6, available as supplementary data
at Bioinformatics online.

3 Results

3.1 Simulation studies

3.1.1 Batch effect detection

We perform simulation studies to evaluate the effectiveness of
our proposed computational methods in detecting batch
effects, a prevalent source of irreplicability in high-throughput
biological experiments. We use a linear model framework to
simulate the impact of batch effects in a case-control study. We
simulate 10 experiments (m = 10), with four experiments having
batch effects and six experiments not having batch effects. We
design the simulation with 100 individuals per experiment, tar-
geting a quantitative trait. Binary batch labels (¢;,j=1,...,m)
are generated from the case-control labels (x;,j=1,...,m).
Specifically, approximately 80% of the labels ¢;=Xx and the
remaining labels ¢; = 1 —x;. The case-control labels (x;) follow a
Bernoulli distribution with probability of success 0.4.

For experiments with batch effects, the outcome variable is

modeled using the linear regression as follows

Yj= bo +ﬂtruexj +ﬂbatchcj +t&, &~ N(07 1)7 (8)
where y;,j=1,...,m is a continuous trait, §, is the intercept,
Puue is the regression coefficient of case-control status and
Prateh is the regression coefficient of the batch effect. For experi-
ments without batch effects, we remove Sy nGj=1,...,m,
from Equation (8).

The true case-control association S, is sampled from
N(0.1,k?0.1%), where k is 0.25 reflecting a low-level heterogene-
ity. The regression coefficient of the batch effects ., is sam-
pled from a normal distribution A/(0,72), where 7 varies from 0
to 0.8 (from weak to strong) to represent different levels of vari-
ability (batch contamination levels). A simple linear model with-
out batch effect is fitted to each experiment. The estimated
regression coefficient of case-control status and its standard er-
ror are used as observed data ([Aij,?rj,j: 1,...,m) in the poste-
rior predictive checking model. This simulation is repeated 2000
times for each value of 5. The total number of Markov Chain
Monte Carlo (MCMC) iterations N is 10,000with a burn-in rate r of
0.05. Additionally, we compare Bayesian P-values with their fre-
quentist counterpart, derived from Cochran’s Q statistic
(Cochran 1950, Patil 1975)

J

m (- w\
_ 7T &= TP 9
Q jzl:wj< ST W, ), (9)

where Wj:/l\_z. Cochran’s Q statistic assumes a fixed effect

model and follows a y* distribution with m—1 degrees of free-
dom. The test quantity we use to detect batch effects is the
modified Q statistic as follows:

T, (3.00) = 3 w3 - B (10)
j=1

where w; = (8]-2+k2B2)_1, and B and k are estimated according
to the reference replicability model using Algorithm 1, available
as supplementary data at Bioinformatics online. We flag datasets
with posterior-PRPs below the conventional significance thresh-
old of 0.05.

Figure 2a illustrates the behavior of posterior-PRPs under a
contamination-free scenario (i.e. the reference replicability
model), where the average of observed P-values closely aligns
with the theoretical expectation of 0.5 (Meng 1994). Despite con-
ceptual differences, Bayesian P-values exhibit distributions simi-
lar to frequentist P-values derived from Cochran’s Q tests (Figs 1
and 2, available as supplementary data at Bioinformatics online)
while allowing heterogeneity among replicable results.
Figure 2b and c shows Bayesian P-value distributions in the
presence of irreproducible signals. The strong positive skew-
ness, characterized by an excess of small P-values, indicates a
poor fit of the reference replicability model, because the ob-
served variability exceeds the level of expected heterogeneity.
Additionally, we observe increasing skewness in posterior-PRP
distributions as batch effect magnitude grows. Finally, we com-
pute the proportion of flagged datasets at each level of batch
contamination. Figure 2d demonstrates that our method is well-
calibrated under the reference replicability model and effec-
tively detects unobserved batch effects.

We conduct MCMC convergence diagnostics to evaluate the
sampling performance. Figure 3, available as supplementary
data at Bioinformatics online, presents the trace plots and auto-
correlation function (ACF) curves for four randomly selected
simulations (distinguished by color). The trace plots demon-
strate stable post-burn-in trajectories with no systematic drift
across 1 € {0,0.4,0.8}. The ACF curves decline rapidly toward
zero over lags, indicating limited long-range dependence in the
retained draws. Mean effective sample sizes (ESS) remain high
for all settings (ESS =2897.7,2897.1,2724.8 for n=0,0.4,0.8,
respectively). Mean acceptance ratios are moderate and stable
(0.3837,0.3841,0.3722 for = 0, 0.4, 0.8, respectively). The mean
of sampled § over 2000 simulations is 0.1 at =0, 0.1035 at
7 =0.4,and 0.1135 at # = 0.8 (true § = 0.1).

3.1.2 Publication bias detection

Next, we conduct simulations to assess the effectiveness of the
proposed methods in detecting publication bias, a key factor
contributing to irreplicable results in practice. Publication bias
often leads to the selective reporting of significant results, thus
skewing the overall interpretation of research findings. We con-
sider a dataset with 20 studies of varied sample sizes: 10 with
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100 samples, six with 200 samples, and four with 240 samples.
The case-control study comprises 60% control group samples
(x; = 0) and 40% treatment group samples (x; = 1). Without loss
of generality, we use i to denote a generic sample, and j to de-
note a generic study. The binary outcome y; is generated from
the following model:

logit[P(y; = 1)] = log L -P(y; =1)

P(yi — 1) :| = ﬁo +ﬂtrue)(iy (ll)

where f, is the intercept and f,,. is the log odds ratio of the
treatment and control groups. For the jth study, generate u;
from a Uniform([0.6,0.9] distribution. We generate f, from
log 1?'”]_ and By, from N (log(3),k*log?(2)), where k is 0.25 in-
corporating a low-level heterogeneity. The outcome y; is gener-
ated from a Bernoulli distribution with probability of success
e’ /(1+eh) and efothune /(14 ehotPue) for the control group
and the case group, respectively. Summary statistics, including

estimated log odds ratios (Bj), standard errors (5;), and P-values
(P;), are obtained by fitting data with (11). To introduce publica-
tion bias into the simulated datasets, we implement a selection
process. In this process, less significant results tend to be dis-
carded and regenerated with higher probability determined by a
parameter ¢ characterizing the strength of the selection.
Specifically, for each study, we use a Bernoulli distribution with
probability of success e~ to decide whether to keep the
study in the analysis (Macaskill et al. 2001). If the Bernoulli ran-
dom variable generates a value of 1, the study is kept, other-
wise, it is excluded. We stop generating data once all 20 studies
are collected. We simulate 2000 datasets to explore different se-
lection strengths with ¢ = 0 (no selection), c = 10 (modest selec-
tion), and ¢ = 20 (strong selection).

We implement modified Egger’s statistic, designed to test the
asymmetry of funnel plots (Egger et al. 1997), to calculate our
posterior-PRP and to assess the potential publication bias. For
comparison, we also compute posterior-PRP values using the
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modified Cochran’s Q statistic (10). We obtain the modified
Egger statistic by fitting the following regression model and us-
ing its standardized intercept estimate as the test statistic. The
regression model is

B/ g, &~ N(0,6
\/?f+k2f}2 + /Al ] ( ’ 5)7
where j=1,...,m, ag is the intercept, a; is the slope, o2 is the
variance of the error term, and ($, k) can be obtained under the
reference replicability model using Algorithm 1, available as
supplementary data at Bioinformatics online. The modified
Egger test evaluates the null hypothesis of no publication bias:
ap = 0. In the absence of publication bias, a¢ should be zero, in-
dicating a symmetrical distribution of study results around the
true effect. A significant test result suggests the presence of pub-
lication bias. When publication bias exists, smaller studies with
non-significant findings are often unpublished, leading to an
asymmetrical distribution. This asymmetry causes the intercept

to deviate from zero. Specifically, our test quantity Tg(ﬁ, (B,k))
designed for the publication bias is the squared estimation of a

divided by corresponding variance as follows. Let r=
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where d and F are the mean of d and r, respectively. The test
quantity designed for the publication bias is
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Figure 3 illustrates the impact of selection strength on the
sensitivity of the modified Egger and Q tests to detect publica-
tion bias. As the selection strength increases (c values), the
Egger-based test becomes more powerful in identifying publica-
tion bias, as indicated by a higher frequency of small P-values.
In contrast, tests based on Q-values appear less effective in
detecting irreplicability due to publication bias. This observation
suggests that no single test or statistic can capture all sources of
replicability, emphasizing the need to employ multiple test sta-
tistics in our proposed computational framework for a compre-
hensive examination of various aspects of the observed data.

3.2 Case studies

3.2.1 Assessing eQTL tissue specificity

Meta-analysis techniques are essential in combining eQTL
results from multiple tissues to increase the power of detection
and to evaluate the consistency of genetic effects across tissues.
This is particularly important given the tissue-specific nature of
gene expression and regulation. The challenge lies in distin-
guishing true biological cross-tissue variability from noise. The
NIH Genotype-Tissue Expression (GTEx) project provides geno-
type and expression data across different tissues, which we use
to identify tissue-specific eQTLs. Our analysis focuses on the
replicability of genetic associations between variants and the ex-
pression levels of target genes across multiple tissues, where
the reference null model is set up to describe consistent eQTL
effects across all tissues. Although our method can scale to si-
multaneously analyze all 49 GTEx tissues, for illustration and
comparison with existing multi-tissue eQTL analysis method, we
restrict our analysis to three tissues: artery aorta, liver, and skel-
etal muscle, with sample sizes of 387, 208, and 706 respectively.
These three tissues are selected because their RNA-seq experi-
ments are of relatively high quality. The data are processed to
ensure quality and no selection bias, and we implement our
method to assess the replicability of eQTL findings. Finally, we
obtain summary association statistics as inputs for 18 826 gene-
SNP pairs across these three tissues from the GTEx portal.

We compare our method, which implements posterior-PRP
using the modified Cochran’s Q (10), with the eQtlBma method
(Flutre et al. 2013, Wen and Stephens 2014). Given the small
sample size of the GTEx data, we assume that there is at most
one eQTL within the cis region of each target gene. This simpli-
fied assumption, also adopted by eQtlBma, enables the compu-
tation of a gene-level eQTL effect and its corresponding
standard error via an expectation-maximization algorithm for
each target gene in a given tissue. These estimates of the effects
at the gene level then serve as input for computing the
posterior-PRPs of the 18 826 genes in the three tissues (Fig. 4a).
In this application, we report small posterior-PRPs as evidence
of tissue specificity, rather than labeling them as “irreplicable”
effects. We compare our method with eQtlBma because both
methods focus on addressing the heterogeneity issue in cross-
tissue analysis. While eQtlBma uses a Bayesian model to
combine eQTL results from multiple tissues, our approach intro-
duces a distinguishability criterion, which provides a direct mea-
sure of tissue-specific heterogeneity through misclassification
probability. To summarize the overall fraction of cross-tissue
consistent eQTLs, we can use the posterior-PRPs under the mix-
ture model framework (Efron et al. 2001, Wen 2017, Cao et al.
2022). The expected value of a posterior-PRP under this model
can be expressed as:

. 1
E(posterior-PRP) = z, X >t (1-m) X%

E(posterior-PRP | tissue-specific scenario),

where 7, represents the probability that a gene-SNP pair has a
cross-tissue consistent (shared) eQTL effect, % is the expected
posterior-PRP under the reference shared-effect model Ry (Meng

1994), and [E(posterior-PRP | tissue-specificscenario) is the
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expected posterior-PRP under the tissue-specific scenario. We
have 7, X % <E(posterior-PRP), since  E(posterior-PRP |
tissue-specificscenario) > 0. Based on this, an empirical upper
bound on =z, can be obtained by the formula 7, =
2 X mean(posterior-PRP), where mean(posterior-PRP) is the
sample mean of posterior-PRPs.

Based on the empirical distribution of posterior-PRP values
and a simple mixture model, we estimate an upper bound (i.e. a
potential overestimation) of 0.972 for tissue-consistent eQTLs
across the three tissues, suggesting that the majority of
detected eQTLs are tissue-consistent. This finding is quantita-
tively consistent with previous reports in the literature (Flutre et
al. 2013). Nevertheless, we also observe an excess of small
Bayesian P-values in Fig. 4a: 19.7% of the 18826 genes have
posterior-PRP values <0.05, indicating that tissue-specific eQTL
effects are not uncommon.

Compared to the posterior probabilities of consistent eQTLs
estimated by eQtlBma, as a method specifically designed to
evaluate tissue-consistency of eQTLs, we find that the posterior-
PRPs from our method are highly correlated with the eQtlBma
tissue-consistency probabilities (Spearman’s correlation=0.712;
Fig. 4b). In addition to methodological differences between the
two approaches, we note that tissue specificity is defined some-
what differently in eQtIBma, which emphasizes identifying quali-
tatively distinct association patterns (i.e. presence versus
absence of an association). In contrast, our proposed method
also accounts for quantitative differences in association
strength (i.e. strong versus weak associations in the same direc-
tion). Therefore, the imperfect correlation between the two sets
of results is expected.

Our investigations of specific genes with seemingly discor-
dant conclusions from posterior-PRP and eQtlBma further sup-
port this interpretation (Fig. 4). Figure 4c and d shows forest
plots for two such protein-coding genes, CEP72 and ZC3H13,
with posterior-PRPs < 0.05 but probability of a consistent con-
figuration from eQtlBma >0.7. It is evident that in both cases
the estimated effects are qualitatively consistent but quantita-
tively distinct among the three tissues. Notably, both CEP72
and ZC3H13 have been implicated in liver-specific functions
and diseases. CEP72 has been proposed as a potential biomarker
for liver cancer, with associations to tumor development, stem
cell-like properties, and metastasis (Ye et al. 2020). ZC3H13 is
downregulated in hepatocellular carcinoma (HCC), and low ex-
pression is linked to poor prognosis. Its overexpression, on the
other hand, suppresses the migration and invasion of HCC cells,
suggesting a tumor-suppressive role in liver cancer (Wu et
al. 2022).

3.2.2 Systematic review of published meta-
analysis results

We apply the proposed computational methods to perform sys-
tematic reviews of three published meta-analyses in medical re-
search. The first, by Stead et al. (2012), focuses on the
effectiveness of nicotine gum in assisting smoking cessation, an-
alyzing 56 studies treating the log risk ratio as the effect size.
The second meta-analysis, conducted by Hrdbjartsson and
Gotzsche (2010), looks into the impact of placebo interventions
across various clinical conditions, including 109 studies that use
the standardized mean difference as the effect size. The third,
presented by Liu and Latham (2009), investigates the effects of
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progressive resistance strength training in comparison to a con-
trol group, drawing from 33 studies with the standardized mean
difference as the effect size.

We first compute the posterior-PRPs using the modified Q sta-
tistic to assess the overall heterogeneity within each meta-
analysis (Table 1). The results indicate that the first two meta-
analyses exhibit a higher level of heterogeneity than expected
under the reference replicability model (assuming a maximum
Pmis = 0.05), suggesting that some reported estimates may not
be fully replicable. These findings are consistent with traditional
heterogeneity assessments based on the fixed effect model: the
I? values (Higgins and Thompson 2002, Higgins et al. 2003) for
the three analyses are 0.42,0.44, and 0.17, respectively, where /?
is calculated using 100% X (Q— (m—1))/Q where Q is Cochran’s
Q heterogeneity statistic defined in (9).

Table 1 Results for the three meta-analyses.?

Posterior-PRP

Modified Modified

Q statistic  Egger statistic
Stead et al. (2012) 0.015 0.212
Hrébjartsson and Gatzsche (2010)  1.1x107* 0.044
Liu and Latham (2009) 0.307 0.897

? This table summarizes the findings from the three meta-analyses,
focusing on detecting heterogeneity and publication bias. The first column
lists the studies by their respective authors. The remaining columns report
the P-values from two statistical tests: posterior-PRP (Q-based), and
posterior-PRP (Egger-based). The posterior-PRP (Q-based) assesses
heterogeneity. The posterior-PRP (Egger-based) focuses on identifying
publication bias.
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To further investigate whether the observed heterogeneity
can be attributed to publication bias, we calculate posterior-
PRPs using the modified Egger statistic (Table 1). Only the sec-
ond meta-analysis yields a Bayesian P-value <.05, indicating
that publication bias may be a factor contributing to the exces-
sive heterogeneity observed in Hrébjartsson and Ggtzsche
(2010). This finding is also consistent with the visual inspection
of the funnel plots (Fig. 4, available as supplementary data at
Bioinformatics online).

Finally, we compare the posterior-PRP results with the fre-
quentist P-values based on the fixed effect model. As expected,
the results are qualitatively similar (Table 1, available as supple-
mentary data at Bioinformatics online). The key advantage of
the proposed methods is their ability to make a stronger case
for potential irreplicable findings. For example, the level of het-
erogeneity in the results from Hrébjartsson and Getzsche (2010)
exceeds the expectations for replicable results, even when a
modest degree of heterogeneity is allowed.

4 Discussion

In this article, we introduce a novel computational framework
for quantifying and assessing replicability across multiple exper-
imental results. The key innovation is the development of a dis-
tinguishability criterion, which enables principled accounting
for inherent heterogeneity among experiments on a universally
interpretable probability scale. Building on this criterion, we im-
plement a flexible hierarchical model (i.e. the reference replica-
bility model) that allows practitioners to define context-specific
characteristics of replicable results. Finally, we proposed to
evaluate the goodness-of-fit of the user-specified reference rep-
licability model to the observed data, using posterior-PRPs to
identify potentially irreplicable results. Our numerical illustra-
tions, including simulation and real data studies, demonstrate
the broad applicability of the proposed computational method
across a wide range of scientific applications.

We choose to implement the posterior-PRP as a Bayesian P-
value due to its conceptual advantages and computational fea-
sibility within our proposed reference replicability model. Many
authors (Meng 1994, Gelman 2005, 2013) have argued that
Bayesian P-values offer a more intuitive interpretation than their
frequentist counterparts. Moreover, implementation based on a
hierarchical reference replicability model is streamlined and
straightforward, whereas computing a frequentist P-value can
be considerably more challenging. However, the statistical dif-
ferences between Bayesian and frequentist P-values may hinder
users’ comprehension of the analysis results. For example,
Bayesian P-values are not expected to be uniformly distributed
on [0,1] under the reference replicability model. In particular,
the specific form of the posterior-PRP may have an upper bound
strictly less than 1. We summarize and discuss several relevant
properties of posterior-PRPs in Section 2 to facilitate better un-
derstanding of their behavior under the reference replicabil-
ity model.

We demonstrate that multiple distinct sources can lead to
irreplicable results, each producing unique patterns in the ob-
served data. As a result, it is difficult, if not impossible, to rely on
a single statistical test to uncover all instances of irreplicability.

To address this challenge, we propose deliberately designing
specialized test statistics that target specific, known sources of
irreplicability within our framework. This approach is shown to
enhance the sensitivity of irreplicability detection and provide
deeper insights into its underlying causes. For example, while
the meta-analysis by Stead et al. (2012) reports moderate het-
erogeneity without evidence of publication bias, the meta-
analysis by Hrdébjartsson and Getzsche (2010) reveals both high
heterogeneity and the presence of publication bias. In contrast,
the analysis by Liu and Latham (2009) indicates minimal hetero-
geneity and no publication bias. Together, these findings high-
light the complex interplay between heterogeneity and
publication bias, underscoring the need to consider both factors
in a comprehensive evaluation of replicability.

In the multi-tissue eQTL study, we demonstrate that our
framework can be used to highlight biologically meaningful
cross-tissue heterogeneity (i.e. tissue-specific regulation). In
such multi-context applications, a small posterior-PRP is inter-
preted as evidence against a reference replicability model
across contexts, rather than a failure to replicate within each
context. This formulation, along with our proposed method, can
be further generalized to analyze statistical interactions be-
tween a discrete variable—mimicking multiple experiments—
and a quantitative measurement. Our multi-tissue eQTL analysis
yields results that are qualitatively similar to those of state-of-
the-art approaches specifically designed to identify tissue-
specific eQTLs, with the added benefit of detecting eQTLs that
exhibit consistent directional effects but varying effect sizes
across tissues.

From a broader perspective, we emphasize that the proposed
method is designed to detect effects that exhibit heterogeneity
beyond a pre-specified threshold. However, interpreting the
causes of such inconsistency necessarily requires caution and
careful, context-dependent consideration. For example, in a
meta-analysis setting, a high level of heterogeneity in the effects
of interest is typically unexpected, and the detection of inconsis-
tent effects may point to study-level biases or other adversarial
factors. In contrast, in our multi-tissue eQTL analysis, the data
have been carefully examined and processed to mitigate poten-
tial technical confounders, such as batch effects. In this context,
only when such artifacts have been reasonably ruled out, genu-
ine biological mechanisms then become a more plausible expla-
nation for the observed excessive heterogeneity.
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